NONCOMMUTATIVE RIESZ TRANSFORMS - 
A PROBABILISTIC APPROACH 



M. JUNGE AND T. MEI 

Abstract. For 2 < p < oo we show the lower estimates 

\\Aix\\^ < c(p) max{ ||r(a;,j;)^ Hp, \\r{x* , x*)i W^} 

for the Riesz transform associated to a semigroup (Tt) of completely positive maps on a von 
Neumann algebra with negative generator Tt = e~*'*, and gradient form 

2r{x,y) = Ax*y + x'Ay -- A(x*y) . 

As additional hypothesis we assume that > and the existence of a Markov dilation for 
(Tt). We give applications to quantum metric spaces and show the equivalence of semigroup 
Hardy norms and martingale Hardy norms derived from the Markov dilation. In the limiting 
case we obtain a viable definition of BMO spaces for general semigroups of completely positive 
maps which can be used as an endpoint for interpolation. For torsion free ordered groups we 
construct a connection between Riesz transforms and the Hilbert transform induced by the 
order. 



Introduction: 

Riesz transforms provide important examples in classical harmonic analysis and have been stud- 
ied extensively in the literature in many different aspects. The aim of this paper is to continue 
the work of P. A. Meyer, Bakry, Emery, Ledoux, Varopoulos and many others on probabilistic 
aspects of the theory of Riesz transforms, however in the noncommutative setting. The im- 
portance of analyzing semigroups of completely positive maps on von Neumann algebras has 
been impressively demonstrated by the recent work of Popa |Pop06| , Peterson |Pel06| . Popa and 
Ozawa [OP] and also occurs in the work of Shlyahktenko/Connes |CS05| on Betti numbers for 
von Neumann algebras. A common thread in this analysis is to adapt some differential geometric 
concepts in the setting of von Neumann algebras. 

It was discovered by P.A. Meyer that the general theory of semigroups provides an appropriate 
framework to formulate Riesz transforms which relate the norm of different derivatives in the 
classical setting. To be more precise we consider a family (Tt) of contractive completely positive 
maps on a finite von Neumann algebra with normal faithful trace r such that 

T{Ttx) < t{x) 

holds for positive x and t > 0. In the classical setting this is certainly satisfied for a semigroup of 
measure preserving positive maps on A" = L^d^, S, ^). Then the maps Tt act on all Lp spaces 
Lp{N, t) and in particular on the Hilbert space L2 = L2{N, r). Let A be the negative generator 
of Tt = e"*^. For nice elements the gradient form 

2T{x,x) = A{x*)y + x*A{y)-A{x*y) 

is defined. In all our examples we will assume that the T^'s are selfadjoint, i.e. T{Ttxy) = 
T{xTty) and then A is indeed a positive (unbounded) operator. Under this circumstances we 
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can formulate P.A. Meyer's problem: Is it true that 

(0.1) \\T{x,x)^/^\\pr^,^p) \\A'^^x\\p 

holds for all reasonable elements x? 

Let us illustrate this question by considering the Laplace operator A{f) = — A(/), where 



A = Tj-^. Then it is easily verified that 



i=l 

In this context P.A. Meyer's inequality reads as follows 

IIIV/III, |||A|V2(/)||^. 

In dimension n = 1 this follows easily from the continuity of the Hilbert transform. In 
higher dimension this are the first examples of singular integrals and we refer to Stein's work 
|Ste70bl ISte70a| for credentials and further information. Indeed, P.A. Meyer was strongly mo- 
tivated to provide a probabilistic approach to Stein's work on Riesz transforms and succeeded 
in showing his estimate for the Ornstein-Uhlenbeck semigroup, even in the infinite dimensional 
case |Mey76at[Mi776b] . In some sense Bakry [BakMil IBak85b[ IBak87l IBakQOl IBak94[ IBak94] 
continued Meyer's line of research and showed (10. ip for many diffusion semigroups satisfying 
the P'^ > condition. In the context of semigroups given by the Laplace-Betrami operator on 
a manifold the positivity of P^ is equivalent to the positivity of the Ricci curvature. We recall 
that 

2p2(x,y) = T{Ax,y)+T{x,Ay)-AT{x,y). 
More generally the higher order gradients are defined as 

2r''+\x,y) = P^(^x,y)+P^(x,^y)-^P^(x,y). 
The Bochner identities for manifolds show that 

T\f,f) = mc{df,df) + \\Vdf\\ls- 

Here V is the second covariant derivative and HS stands for the Hilbert Schmidt of the corre- 
sponding matrix of second derivatives. 

In the noncommutative setting the notion of diffusion process is not (yet) well-defined. It is 
however clear that Meyer's approach requires the semigroup to have a Markov dilation. This 
means that there exists a family of homomorphisms TTg ■ N ^ N such that Trs{N) is contained 
in a filtration Nf with conditional expectation Ef such that 

Et{-Ks{x)) = TTt(Ts-tx) 

holds for t < s. Our main result is one half of P.A. Meyer's inequality for p > 2. 

Theorem 0.1. Let (Tt) be a semigroup of completely positive selfadjoint maps with Markov 
dilation and > 0. Let 2 < p < 00 then 

P^/^xllp < c(p)max{||r(x,x)^||p, ||P(x*,x*)^/2||p} . 

The assumptions of Theorem 10. II are satisfied for Fourier multipliers on discrete groups, some- 
times also called Herz-Schur multipliers. Indeed, let G be a discrete group and VN{G) the group 
von Neumann algebra given by the left regular representation A : G — > B{£2{G)), X{g)5h = Sgh- 
It is well known that T{^g agX{g)) = Og extends to a normal faithful trace on VN{G). A Fourier 
multiplier is given by a semigroup {(pt) of positive definite functions and the normal extensions 
of 

Tt{X{g)) = M9)m . 



NONCOMMUTATIVE RIESZ TRANSFORMS 



3 



Following the recent work of Ricard, we know that Tt has a Markov dilation provided that 
(j)t{^) = 1, (pt is real valued and (ptig) = (ptid'^), i-e. in the selfadjoint case. Let us note 
that then, according to Schoenberg's theorem, there exists a conditionally negative function 
ijj : G ^ [0,00). We obtain an immediate application to quantum metric spaces. Recall that 
a triple {A,B, \\ \\Lip) is a quantum metric space, if ^ C i? is a dense, not necessarily closed, 
sub*-algebra of a C*-algebra B and ||| is a norm on A such that 

lllaMILip < ll|a|llLipll&llB + Halls lll^lllLip 

and that 

dLip{(t>,i') = sup \4){a) - (t){h)\ 
ll|a|||iip<i 

induces the weak* topology on the state space of B. Equivalently, the natural quotient map 
i : {A,\\\ lll^jp) B/Cl is a compact operator (see |OR05] ). Theorem 10.11 allows us to show 
the compactness condition for discrete groups with rapid decay. Let us recall that a finitely 
generated group has rapid decay if 

Iklloo < C'(s)A;'*||x||2 

holds for some s and every x = Yl\g\=k ^g'^id) supported on the words of length k. This notion 
is independent of the choice of the generators. 

Corollary 0.2. Let G be a finitely generated discrete group with rapid decay and : G ^ C be 
a conditionally negative function such that = 0, ip{g) = ip{g~^), and 

inf |V^(<7)| > c^k^ 

l5l=fc 

holds for some a > 0. Then C[G] equipped with the norm 

\\\x\\\ = \\rA{x,x)\\^ 

defines a quantum metric space {C[G],CrediG),\\\ |||). 

In view of the examples from Riemann manifolds it is clear that 1 1 1 1 1 1 is the "correct" Lipschitz 
norm. 

Compared to Bakry's work in the commutative case the assumption "diffusion semigroup" is 
deleted in our Theorem lU.ll (but we have to keep the assumption of a nice algebra of invariant 
functions) . In section 2 we provide a first proof of Theorem 10.11 requiring some extra regularity 
assumptions (easily verified for Fourier multipliers). In section 3 we follow Meyer/Bakry's foot- 
steps. Unfortunately, this also requires to develop the theory of Hp spaces for noncommutative 
continuous filtrations, sec [JKJ. A key ingredient in Meyer's martingale approach is the use of a 
stopped brownian motion as indices for the associated Poisson semigroup. More explicitly, 
let TTt be a Markov dilation, a > 0, -B* a Brownian motion with Bq = a almost everywhere and 
ta{uj) = inf{i : Bt{uj) = 0} the hitting time for the boundary. Then Meyer's approach consists 
in investigating the martingale 

Pa{x) = TTt Ax) ■ 

The Hp norm of the resulting martingale decomposes in a time and a space component. With- 
out going into details let us mention that we are able to "compare" the martingale H^ norm 
in Meyer's model and show that they there are (almost) equivalent to the Hardy norms for 
semigroups investigated in the joint work C. Le Merdy and Q. Xu, see [JLMX06] . This explicit 
connection between martingale and semigroup Hp norms seems to be new and extends to the 
Hp norms given by the reversed Markov filtration. 

Moreover, we are able to define spaces of bounded mean oscillation for quite general semi- 
groups as follows 

h\\BMOc(T) = supllTtlrrp - |rfj;p||J/2 . 
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This norm is closely related to Garsia's BMO norm for the Poisson semigroup on the circle. 
The space BMO is defined as the completion of with respect to the norm HxH^Afo = 
max{||x||Bj\/o^, ||x*||bmOc}- The good news is that the BMO space serves as an endpoint for 
interpolation. 

Theorem 0.3. Let {Tt) be a semigroup with Markov dilation and > 0. Then 

[BMO,Lp{N)]i = LpgiN) . 

For the associated Poisson semigroup Pt = e^^'^^^^ the connection between Garsia's BMO 
norm and Meyer's martingale approach is very explicit 

\\x\\bMOc{P) = \\Pa{x)\\BMOc 

holds for every a. This allows us to reduce the interpolation theorem to previous results on 
martingales. It is also a good indication that we have found an appropriate BMO spaces for 
semigroups. In section 4 we confirm this observation by showing that many natural candidates 
for BMO norms are equivalent. Section 6 is devoted to applications of Theorem lO.il and Theorem 
10.31 The applications towards quantum metric spaces are prepared in Section 5. Our last 
applications concerns torsion free ordered groups which admit a filtration of normal divisors 
G = Go D Gi D G2 D • • • such that 

f|Gfc = {e} , Gk/Gk+i = Z. 

k 

This holds for example for free groups in n generators. Using the extension id ^ of the 
classical Poisson group on G x Z we are able to reduce the boundedness of the Hilbert transform 
for ordered groups to estimates for Riesz transforms associated with Pt . This gives a link between 
the Hp-theory related to sub-diagonal von Neumann algebras and the Hp-theory for semigroups, 
see Section 6 for more details. In the text the absolute constant c{p) may differ from line to line. 

1. Preliminaries and notation 

We will use standard notation in the theory of operator algebras which can be found in 
|Tak79[ ITak03al [TakOSb] . |KR97al IKR97b| or [SZ791 [StrSlJ. Modular theory does not play 
an important role in this paper, because in most of our applications we are interested in von 
Neumann algebras with a finite trace. At any rate, using the Haagerup reduction method (see 
|HJX] ) it usually suffices to consider the finite case. As a standard reference for noncommutative 
Lp-spaces we refer to |PX03j and the references therein. For basic properties of the space of 
r-measurable operators and noncommutative integration we refer to |Nel74] . We will also use 
operator space terminology, in particular the notion of completely bounded maps, see the books 
by Effros-Ruan [EROO] . Pisier |Pis03 ] or Paulsen |Pau02j . We allow for a slight deviation in the 
notion of completely bounded maps T : X ^ Y, where X C Lp{N), Y C Lp{M) are subspaces 
of a noncommutative Lp space. Indeed, we use 

||r||efe = sup \\id (g) T : Lp{M;X) ^ Lp{M;Y) 

M 

where the supremum is taken over all von Neumann algebras M and the space 

Lp{M;X) c Lp{M®N) 

is the completion of the tensor product Lp{M) X with respect to the induced norm. In the 
usual definition of the cb-norm, the supremum is only taken over A4 = K{£2), the compact 
operators on £2- If Connes' embedding conjecture were true the two norms coincide. Our policy 
in general is to prove the estimates with respect to the stronger norm. Indeed, as so often in 
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martingale theory these estimates are automatic, i.e. follow because T and id®T satisfy the 
same assumptions. 

We will frequently use standard tools from noncommutative probability, in particular Doob's 
inequality 

||sup+£'„(x)||p < dp\\x\\p 

n 

for 1 < p < cxD and the dual Doob inequality 

II ^ ^ (^^n) lip ^ II ^ ^ 3^91 lip 
n n 

which holds for 1 < p < cxd and positive x„ with the constant Cp = dpi . Here [En) is a sequence 
of normal conditional expectations onto an increasing or decreasing sequence of von Neumann 
subalgebras {JS^^) of a given von Neumann A^. In the finite setting these conditional expectations 
are unique and hence commute, i.e. E^Em = E^En = -£'min(n,m) (increasing filtration) or 
EnEm = EmEn = -E'jnax(n,m) (decreasing filtration). We will always assume this commutation 
relation. The notation sup„^ is taken from [Jun02] and [JX03] . In the noncommutative setting 
the pointwise supremum can not be defined directly. However, for selfadjoint operators x„ we 
have an order analogue 

||sup^x„||p = inf ||a||p . 

n —a<Xn<a 

In full generality we use Pisier's definition 

||sup+x„||p = inf ||a||2psup ||y„||oo||i||2p • 

n x„=ay„b n 

The same definition holds for arbitrary index sets. We also need some basic facts about Hp- 
spaces for martingales. Let us recall some definitions from |JX08] . As usual the martingale 
difference are denoted hy d^x = E].x — E^^ix. 

\\A\H^ = \\C^dkX*dkx)^\\p ,\\x\\hc = \\C^Ek-i{dkX*dkx))^\\p ,\\x\\j^d = (^ ||4a;||p)'' • 

k k k 

The row versions are given by ||x||//r = ||x*||//c, ||x||/ir = ||x*||/ic. In the noncommutative theory 
the definition of the f/p-spaces is as follows 



p p 



ip 



^H^ + Hl \il<p<2 
The Burkholder Gundy inequality reads as 
(1.1) Lp{N) = Hp 1< p < 00 . 

The Burkholder inequalities can be formulated as 



(1.2) Lp{N) 



'h^pDhlnh^ p > 2, 
hl + hi + K l<p<2. 



"p I ■"p I ■"p 

All the equalities hold with equivalent norms. Since this will be needed in the paper we want 
to show Hp = hp + hp for 1 < p < 2. This requires us to use the dual norms 

|2m|1/2 |, ||_ _ J? C^M2m|1/2 



IklU^MO = ||sup+S„(|x - £^„_i(x)| )|| /2 , IkllLgmo = \\sup~^ En{\x - En{x) 

n n '' 

Extending the Fefferman Stein duality (Hf)* = BMOc from |PX97j it was shown in |JX03j that 

Wf = L^p,MO l<p<2. 

Here X* refers to the anti-linear duality {x,y) = tr{x*y). The following observation is probably 
of independent interest. 
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Lemma 1.1. Let 1 < p < 2 and {Nk)k > i be a martingale filtration 

i) Let Lp'^""''^ = {{xf^)if. : xj. S N^.} C Lp{N;£2)- Then the antilinear dual of Lp'^°^'^ is 
isomorphic to the space L^f^^^MO of sequences (xk) with x^ € Lpi{Nk) such that 

\\{Xk)\\^c,oor.dj^^Q = \\sUY>En{^ xlXk)t!,%- 

v' " , ^ 

fe > n 

ii) Let hp° be the subspace of hp of elements with di = 0. The anti-linear dual of hp° is 
L^,mo. 

iii) = h^ + h'p. 



Op 

Proof. In |Jun02] it is shown that 

(1.3) \Y.tr{xlvu)\ < V2\\iJ2Ekixlxk))^\p ||supi?„(5^ 



/2 
k > n 



In particular, we have a continuous inclusion L^f"" MO C {Lp^°^ )*. For the converse we note 

that Lp'^""''^ is a subspace of Lp{N, £2)- Hence a linear functional / : Lp™"""^ ^ C of norm one is 
given by a sequence (z^) C Lp/(A^, ^2) such that 

/(^) = ^tr{xlzk) . 

k 

We define = Ek{zk) and deduce from Doob's inequality for p' /2 > 1 that 

\\supEn{^ yfcyfc)||p'/2 < l|supK( ^ Ek{zlzk))\\p' /2 < || SUp K 4^fc) ||p'/2 

k > n k > n k 

— ^p'/sll ^ ^kZk\\p'/2 ■ 
k 

For the proof of ii) we assume di{x) = or di{y) = and note that according to (|1.3p we have 

\tr{x*y)\ = I tr{dk{xYdk{y))\ 
k>2 

< V2\\{Y, Ek-i{dk{xYdk{x)))Hp II sup E^{ 4(2/)*4(2/))|||,/2 • 

k>2 ^ k-1 > n 

Let us recall that LpTno consists of martingales with di{y) = 0. It has been proved in |Jun02] 
that there are linear maps '■ N ^ C^{Nk) (the space of weakly converging columns with 
values in Nk) such that 

Uk{x)*Uk{x) = Ek{x*x) . 
Moreover, Uk is a right module map with complemented range (see |Jun02| and for the 
non-separable case |JS05j ). Then u : hp° —>■ Lp'^°^'^ given by u{x) = {uk-i{dk{x)) ^ > 2 is an 
isometric isomorphism. Hence an antilinear functional / : hp° — > C is given by a sequence 
Zk G Lpi{Nk-i, £2) such that 

f{u{x)) = ^tr(^/fc_i(4(x))*Zfe) 
k 

and II sup„ ii^„(^^,_-^ > n^k^k)\\p'/2 ^ Cp||/||. Since the range oi Uk-i is complemented, we may 
use the projection and find such that ^ifc-i(yfc) = Pz^ and 

||sup^;n( Y ykyk)\\p'/2 = l|sup£;„( ^ Ek-i{ylyk))\\p' /2 

^ k—1 > n ^ fc— 1 > n 
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sup^„( ^ Uk-i{ykT Uk-i{yk))\\p' /2 < ||sup^„( ^ 4^fc)||p'/2 < Cp 

" k—l > n " fc— 1 > n 

We define y = J2k dkiyk)- Using the triangle inequality and EnEk = En we get that 

72 



k—l > n 



<||supi^„( V Ek{ykTEk{y))\\l,^ + \\snvEn{ V Ek-iiykT Ek-i{y))\\l ,^ 

fc— 1 > n fe— 1 > rt 



< 2 II sup ^ yfcyfc)llp'/2 < 2cp 



fc-l > n 

•d I LC 



For the proof of iii) we recall that hp + C. Hp. We claim that the unit ball Bh^ is contained 

p 



in the norm closure of C{B^d + B^c)^^ for some constant C > 0. If not there exists x G 



and a continuous linear functional y such that tr{y*x) = 1 and 

|tr(y*x')| < ^ for all x' G CS^^d U C75/,c . 
We know that y = d„ satisfies 

llylldj'^). < V2\\y\\\cMo < ||sup<d„||p//2 + \/2 ||supSn(V44)||p'/2 

K>n 

<V2\y, WdnW^i " + V2\\ SnpEniJ2 44)||p72 
\ n / " fc>n 

< 2V2|Mi^. + ^c,iiy||(^). < 

Since ||a;||_ffc < 1 = tr{y*x) we reach a contradiction for C > V^{2 + Cp). An approximation 
argument allows us to replace the norm closure of C{By^d + Bhc) by 2C{B^d + Bhc). ■ 

Let us briefly prove the martingale inequalities for potentials in the noncommutative setting. 
We recall a classical martingale inequality from |Jun02j which is derived from (|1.3p . Let (A^fc) 
be a (discrete) increasing filtration and G be positive elements. For p > 2 we have 

(1-4) \\YEk{ak)\\E < 2c2||sup ^ EMWe . 

fc k > m 

Here Cp is the constant in Stein's inequality. Let {zk)k<n be a finite submartingale, i.e. 

Ek{zk+i) > Zk ■ 
The corresponding positive increasing part of z is defined as 

flfc = {z)k = y^_^Ej{zj+i - Zj) . 

j<k 

Clearly, we obtain a martingale 

mk = Zk - ak . 

Indeed, ruk — ruk-i = Zk — Zk-i — Ek-i{zk — Zk-i) is a martingale difference sequence. In the 
language of potentials, we have 

Ej{zj+i-Zj) = Ej{mj+i - ruj) + Ej{aj+i - aj) = Ej{aj+i - aj) 
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Moreover, we note that Oj+i — aj is still positive. Hence for p > 1, we deduce from (II. 4|] and 
Doob's inequality 

n n 

\\0"n\\p = \\'^Ej{zj+i - Zj)\\p = II y^£'j(aj+i - aj)\\p 

n 

< 2c2p||sup+ V] Em{aj+i - aj)\\p < 2c2p||sup+£'m(z„ - 2:„)||p 

m . . . m 

m < j<n 

< 2c2p||sup+£'m(2;„)||p + II supzmllp < 2c2pdp|| 

^n||p ~l~ II SUpZmllp ■ 
mm m 

If in addition Zm > for all m, we may ignore the second term and obtain the following result. 

Lemma 1.2. Let Zk = + mi. be a positive submartingale with increasing part (a^) and 
martingale part {mi.). Then 

ll'^nllp ^ ll^nllp 

holds for 1 < p < oo and some universal constant c{p). 

The Hp theory for continuous filtrations {Nt)t > o C has only been considered recently (see 
|JKj ). We will always assume that A'^, = Nf. It is well-known that the theory of i7p-norms 
is closely related to stochastic integrals. However, given how nicely the Hp-theory translates in 
the noncommutative setting, we should not expect surprises. There are two candidates for the 
Hp-noim on a finite interval [0, T] 

H-l \a\-l 

Mh^ = hm|| \Es^^,x - E,.x\^\\l^jl , ||x||^, = II Hm ^ \Es^+ix - Es^x\^\\l^/l . 

Here a = {0 = sq, Sn = T} is a partition \a\ = n and U is an ultrafilter refining the natural 
order of inclusion on the set of all partitions. In the second term we take the weak*-limit (at 
least for p > 2). It was shown that in |JK) that the two norms are equivalent and, up to a 
constant Cp, independent of the choice of U. The main tool in this argument is the observation 
that Hp = hp n hp for p > 2, where 

n— 1 ^ n—1 

Mhd; = lim(X]ll^^.+i^-^^.^llp)^ ' ll^lk^ = ^^^\\^Es^^i\Es,+,x - Es^x\^\\l^/l . 
' j=o i=o 

Again it is shown that the limit can be taken inside. This gives the norm || • Hr^ and conditioned 

rip 

bracket 

n-1 

|2 



{x,x)t = \im^YEs^_^\Es^^^x - E, 



..X 



<T,U 

and 

MW, ^c(p) \\{x,x)t\\]!/1 = \\x\\^ . 

In the continuous context the Burkholder inequalities reads as follows 



Lp{N) 



jh^pHh^pHh^ iip > 2 
\h; + h; + h'^ if l<p< 2 ' 

where h^, h^ are the corresponding row spaces. The exact form of the Feffermann-Stein duality 

for p = 1 is not yet explored. For 2 > p > 1 we used the definition hp = h'^, and refer to |JK] 
for more information. A martingale x is said to have a.u. continuous path if for every T > 0, 
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every e > there exists a projection e with r(l — e) < e such that the function /g : [0, T] — > iV 
given by 

fe{t) = xteGN 

is continuous. For a martingale with a.u. continuous path we have varp(x) = ||3;||^d = for all 
2 < p < oo. We recall from [JKj that the condition varp(3;) = implies that 

n— 1 n—1 

j=0 j=0 
for all p > 2 and the norm convergence of 

n-1 

Lp/2-lim'^Es^{\Es^+ix - Es^xl"^) = {x,x)t ■ 

j=0 

This implies that for martingales with varp(x) = the equality (see j JKj ) 

Mh-{Io,t]) = \\{x,x)T\\pjl 
holds without constants. Also we have 

(1.5) lim\\su]i~^Es^{\ETX - Esj_^x\'^)\\p/2 = \\sup^ Es{{x,x)t - {x,x)s)\\p/2 ■ 

(7,U j s 

The correct definition of the norm in LpUio for continuous filtration is 



\x\\L^mo = SUp\\sup'^Es{{x,x)T - {x,x)s)\\p/2 



1 1/2 

T s 

for 2 < p < oo. 

It is shown in |JX07] that the ergodic averages Mtx = j Tgxds satisfy a maximal inequality 

(1.6) II sup Aff(x)||p < dp||x||p 1 < p < oo 

t 

and the dual inequality 

(1-7) \\^^^tk{xk)\\p < Cpll^Xfcllp l<p<oo 

k k 

for positive x^. We will make extensive use of the Poisson semigroup 

(1.8) Ps = / se-^u-2Tudu. 

W'^ Jo 

It has been shown in |JX07| that Pg is a positive average of the Mt and hence (|1.6p and ()1.7p 
hold for Pt instead of Mt- If we assume in addition that the Tt's are selfadjoint, i.e. 

(1.9) T{Ttxy) = T{xTty) 

holds for all x,y £ N, then ([L6]) and (fTTTP holds for the Tf's instead of the Mt, see [JXOSj . We 
will impose a standard assumption, namely the existence of weak*-dense, not necessarily closed 
*-algebra ^ C such that 

TtiA) C A and A{A) C A 

holds for t > and the negative generator A of the semigroup Tt = e~^^. Whenever we talk 
about Pt we will also assume that Pt{A) C A. This assumption is satisfied for our main examples, 
Fourier multipliers, but somewhat problematic for certain manifolds. We are convinced that with 
some extra effort our results still hold for these manifolds and most of the interesting examples, 
but the arguments are far more transparent with this additional assumption. We will make 
crucial use of the following inequality from [Mei08] . 
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Proposition 1.3. Let x & A be positive and < t < s. Then 

PgX < - PtX . 

Proof. We use (jl.Sp and e < e 4u for all u. This yields the assertion 

PsX 1 f°° _£ , , , 1 /""^ , , , PtX 



2^ 



/■°° _£ , , , 1 /""^ _ii , , , PtX 
/ e ii'U '^Tu{X)du < — ^ / e 4utt 2Tu{x)au = 

Jo h t 



We will use Hp{T),Hp{P) to denote the Hardy spaces associated with semigroup (Tt) and 
subordinated Poisson semigroup (Pj) respectively. See jJLMX06] for more details. 

2. Reversed martingale filtration 

We will assume that (Tt) is a semigroup of completely positive maps on a tracial von Neumann 
algebra N. A Markov dilation for Tt is given by a family tTs : N ^ M of trace preserving *- 
homomorphism with the following properties 

i) Let Mgj be the von Neumann algebra generated by the 7r„(x), x € N , v < s. Then 

Es]{Trt{x)) = TTs(Tt-sX) 

holds for s < t and x £ N. 

ii) Let M[g be the von Neumann algebra generated by the 7r„(x), x €z N, v > s. Then 

E[s{lTt{x)) = TTsiTs-tX) 

holds for t < s and x £ N. 
This definition is adapted for selfadjoint (Tt). We recall that L^ > is equivalent to 

T{Ttx,Ttx) < Ttr{x,x) . 

Whenever we invoke the associated Poisson semigroup Ptx = e~*'^^^^x we assume in addition 
that Pt{A) C A. It is easy to see that L^ > also implies 

TiPtx,Ptx) < PtT{x,x) . 

Lemma 2.1. Let (vrg) be a Markov dilation. 

i) Then m[x) defined by 

rUsix) = TTsiTsX) 

is a martingale with respect to the reversed filtration M[g . 

ii) Assume > or r(T^.x, Tj.a;) is uniformly bounded in L2 for x £ A. Then for 
X £ N the martingale ms{x) has continuous path. If moreover, f{r,s) = TsT(TrX,Trx) 
is continuous in L2, or > 0, or V"^ {T^x .,Tj.x) is locally bounded in L2, then 

j-OO 

{m{x),m{y)) = 2 TTt{T{TtX,Ttx))dt . 



Proof. The first assertion is obvious, because £'[s(7ro(x)) = 7rs(Tsx). For the second we assume 
that a; G ^ be selfadjoint. Let s < t. Then we deduce from the Cauchy Schwarz inequality in 
the form \T{abab)\ < T{abba) that 

\\ms{x) - mt{x)\\\ = llvTsdTsXp) + 7rt(|Ttxp) - 'Ks{Tsx)T:t{Ttx) - ■Kt{Ttx)TT s{T sx)\\l 

= T((7r,(|r,x|2) + T,t{\Ttx\'')f) + r((7r,(r,x)7rt(rtx) + T:t{Ttx)TTs{Tsx)f) 

- 2T((7r,(|r,x|2) + n{\Ttx\'^)){^s{Tsx)n{Ttx) + n{Ttx)T:,{Tsx)) 
= T{{Tsxf) + T{{Ttxf) + 2T{7:s{{Tsxf)7:t{{Ttxf)) 

+ 2T{T:,{Tsx)T:t{Ttx)^s{Tsx)T:t{Ttx)) + 2T{T:s{{Tsxf)n{{Ttxf)) 
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-2[T{7:s{{TsxY)TTt{Ttx))+T{7:t{{TtxY)TTs{TsX)) 

< T{{T,xf) + T{{Ttxf) + QT{ns{{Tsxf)n{{Ttxf)) 

- A{T{^s{{Tsxf)^s{Tt-sTtx)) + T{{TtxY)) 
= T{{Tsxf) + 6T{Tt-s{Tsxf{Ttxf) - AT{{TsxfT2t-sx) - 2,T{{Ttxf) 

= 4r{{Ttxf)-T{{Tsxf))] +Q(T{Tt-s{Tsxf{Ttxf)-T{{Ttxf) 



4{ Ti{TsxfT2t^sx) - tUTsx) 



Now, it suffices to consider the terms separately. Let d = Ttx — TgX. Then we use \T{abab)\ < 
T{abba) again and find 

\t{{TsX + dY - < 4|r(d3r,(x)) + 4|r(dr,(x)3| + 2|r(dr,xdr,x)| + iT{d\Tsxf) 

< 4\T{d^Tsx)\ + 4\T{dTs{xf)\ + 6T{d'^iTsxf) 

< 12\\d\\2 max{\\{Ttx - TsX^T^xh, \\{Tsx)%, \\iTtX - r,x)(r,x)||2} . 
For X in the domain of A, we know that f{t) = Ttx is differentiable and hence 

(2.1) \\Ttx-Tsx\\2 = II / r,^x||2 < {t-s)\\Ax\\2 

J s 

Equation (j2.ip also allows us to estimate the last term. Indeed, by Cauchy-Schwarz 

\T{{TsxfT2t-sx) - T{{Tsxf)\ < 2(t-s)pr,x||2||r,x||^ < 2(t - s) px||2 ||x||f^ . 
For the middle term we consider the function 

/(r) = Tt-r{TrX*Try) . 
Due to our assumption this function is differentiable and 

f'{r) = Tt-rA{TrX*Try) -Tt-r{ATrX*Try) -Tt-r{TrX* ATry) = -2Tt-rT{TrX,Try) . 

This implies 

(2.2) Tt^s{\Tsxf)-\Ttx\^ = [ 2Tt-rr{TrX,Trx)dr . 

J s 

If > we have 

||rt_,(|r,x|2)-|rtx|2||2 < 2(t - s)||r(x,x)|| . 

A similar estimate holds if just assume sup^ ||r(TrX, Trx)||2 < C, because Tt-r is a contraction 
on L2{N). This implies 

||"it-m,||^ < (f - s)(40 ||a;||^Pa;||2 + 12 ||r(x,x)||||x||^) 

for all X € A. The noncommutative version of Kolmogorov's theorem is proved in [GL85j . Thus 
mt{x) has continuous path. Due to Doob's inequality the class of martingales with continuous 
path is closed in Lp{N). Since A is assumed to be weakly dense and hence norm dense in Lp{N), 
we deduce the assertion for all x £ N. For the last formula we observe for x £ A that 

E[t{\7rs{Tsx) - TTt{Ttx)\^) = E[t{7rs{Ts\x\^)) - 7rt{\Ttx\^) = 7rt{Tt-s\Tsx\^) - \Ttx\^) • 

We deduce from ([22]) that 

(2.3) E[t{TTs{Ts\xf)-TTt{\Ttxf)) = TTtif 2Tt-rT{TrX,TrX)dr) = E[t j TTr{2T{TrX,TrX))dr . 

J s J s 
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This implies for the hmit 

{m{x),m{x))s - {m{x),m{x))t = lim V -E[^^^.i(|vr,^-(r,^.) - vr,^.+i(Ts^-+i; 



^ls-+i / 27:r{T{TrX,TrX))dr = / 2Trr{T{TrX,TrX))dr . 

I'M^" • ^ J Si Js 

Here the hmit is taken over refining partitions. Since m{x) has continuous path, we know that 
the brackets coincide. In order to remove the extra term Eg.^^ from the integral in the last 
inequality, we first note that for r < s 

\\TTr{a) - EsTTr{a)\\2 = \\TTria) - 7rs(Ts_ra) II2 = ■^(«^ - (Ts-raf) 
(2.4) < ||r,„,a - alladklb + ||T,_,a||2) < \s - r\ \\Aa\\2 (||a||2 + ||7;_,a||2) . 

Applying this to a = T{TrX, Trx), we are done assuming the continuity of /(r, s) = TsT{TrX, Tj-x) 
in L2. In fact, we deduce from the Cauchy Schwarz inequality that 

\\AT{TrX,TrX)\\2 < 2 ||r2(r^x,r^x)||2 + \\T {ATrX ,TrX)\\2 + ||r(r^X, AT^x) ||2 

< 2 ||r2(r^x,r^x)||2 + 2 ||r(r^^x,r^^x)|||||r(r^x,r^x)||| 



< 2 ||r'(r,x,r,x)||2 + 2 ||r(Ax,^x)|||||r(a;,a;)||| . 

If > 0, we have WV"^ {TrX ,Trx)\\ < \\r^{x,x)\\2 and r^{x,x) e N iov x £ A. Assuming 
only the boundedness of T'^(TrX,Trx), still allows us to obtain the assertion by refining the 
partition. ■ 

Remark 2.2. Under the condition ii) we see moreover that 

{m{x),m{x))s - {m{x),m{x))t < 2 \s - t\ ||r(x,x)||oo 

holds for s < t. By approximation this implies that the bracket is absolutely continuous with 
respect to the Lebesgue measure. In the commutative case this is enough to show that the 
martingale can be obtained as a stochastic integral against the brownian motion. We refer to 
[JKj for similar applications of this regularity condition. 

Proposition 2.3. Let 2 < p < oo and > 0. Let x £ Af be a selfadjoint mean element. 
Then 



Cp^Mp < IK/ r{Ttx,Ttx)dt)'^\\p < Cp\\x\\ 
Jo 

Moreover, for every x £ N there exists a martingale m?{x) such that 



CO 



1 



|m^(x)||i^c < c(p)|| / r(r,x,T,x)(is||| and r(^o(y)*m'(x)) = ^r(y*(/ - Pr)x) . 







Here Pr is the projection onto the kernel of A. If in addition f{r,s) = TrT{TsX,Tsx) is L2- 
continuous for x £ A, then 



00 



{m {x),m (x)) = / ■Ks{T{T2sX,T2sx))ds . 







Proof. Let sq be fixed and a = {0, sq} a partition. We define the martingale differences 

dj = {tTsj{Ts^+s,+,x) - TTs^^,{T2s^+,)) . 
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Indeed, Es^^j^TTsj{Ts^+Sj+ j^x) — (^2sj+i^) shows that 

so 

is a martingale with respect to the discrete filtration (N^g.). Following Lemma l2.ll (in particular 
(|2.3p ). we may also calculate the conditioned bracket 

J Si 



+iX})\\p/2 



lp/2 



On the other hand, we deduce again from Lemma ()2.ip that 

I|c^jll4 = Wrris^iTsj+iX) - msj^^{Ts^^^x)\\i 

< C{t - s){\\Ts^^^x\\%\\AT,j^^x\\2 + \\Ts^^^x\\%\\T{Ts^^^x,Ts^^^ 
This allows us to define the weak* limit 

rUsQ = limrrio- 
as a martingale in L4{N) with continuous path such that 

lim||m^||^,(^-) < Cp/2lim||2j / '^r(X(TrTs^^^x,TrTs^^^x))\\p/2 

< Cp/2 lim II 2^ / Tlr{TrT{Ts^^^X, Ts 

j ■'sj 

= Cp/2lim||2^ / E[rTToiT{Ts^^^x,Tsj^^: 
<cj/2lim||^ / ^iTs,+iX,Ts^^^x)dr\\p/2 = CJ/2II / T{TsX,Tsx)ds\\p/2 . 

■./St 

With the results from |JKj . this implies that y^^ G Hp for all p < 00. Using the same estimate 
for X* , we deduce that rngg £ Lp for all p < 00. We may take another weak* limit to define 
m?{x) = limsQ_»oo Tnso which has continuous path because of the uniform estimate for the norm 
||x||^d. Moreover, the proof of 

r-oo 

(2.5) (m2(x),m2(x)) = 2 / Ti,{V{T2sX,T2sx))ds . 

Jo 

is the same as in Lemma |2. II Even without knowing exactly what the bracket looks like, it is 
easy to complete the estimate for selfadjoint x. We assume that x has mean 0, i.e. Pr(x) = x. 
Let y £ A such that \\y\\p' = 1 and 

||x||p < (l + 5)|r(y*x)| . 

Let us consider 

j 

= 2^^ T(^TTr{T{Try,Ts.^-^j^rX))^dr = 2^ T(T{Try,Ts^^^+rx)^dr . 

Thus in the limit we obtain 

limlimr(7ro(y)*mo-) = 2 / T{r{Try,T2rx))dr = 2 T{y* AT^rx)dr . 
*o <^ Jo Jo 
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Using the spectral resolution for A = \dE{X) and duxiX) = {x,dE{\)x), we see that 

/•OO /'OO /'OO 

/ {x,AT3rx)dr= / Xe-^'-^drdi^^iX) = -{Eyox,E>ox) . 
Jo JO JO -J 

Thus, Jq°° AT^rX = ^E^qx, where i?>o = /— Pr is the orthogonal projection onto the complement 
of of the kernel of A. Since for selfadjoint x the martingale m?{x) is also selfadjoint, we deduce 



klip < 3(l + 5)limlim|r(7ro(y*)m,)| = 3(1 + d)|r(7ro(y)*m2(x))| 



so o- 



< Cp3(l + (5)||y||p/||m2(a;)||/^c < CpCp/23(l + 5) lim lim || y ^ / T{Ts^^^x,Ts^^^x)d\ 
= CpCp/23{l + 6) IK/ T{TsX,Tsx)ds)2\\p . 

JO 

For the upper estimate we refer to [JunOSj which applies due to ff°°-calculus. ■ 

Lemma 2.4. Let (Tt) and A be as above. Assume that there is a further von Neumann algebra 
M , a sequence (uj) : A ^ M such that 

T{x,x) = Uj{x)*Uj{x) 
j 

and semigroup Tt with cb-H°° calculus such that 

(ujiTtx)) = {ftUjix)) . 

Then 

poo 

II / T{A'/^Ttx,A'/^Ttx)dt\\p/, < cl\\T{x,x)\\p/2 
Jo 

holds for all 2 < p < oo and all mean elements x £ A. 

Proof. Since id^^^^) ® satisfies -ff°°-calculus, we deduce from [JLMX06] that 

(2.6) II T{A^'^Ttx,A^/^Ttx)dt\\^Jj'^ = |ii/2^t(^ e,, i n,-(x))pdt)i/2||p 

<Cp\\^ej^i®Uj{x)\\Lp(B{i2)®M) = Cp||r(x,x)^||p . 

3 

Here A is the generator of Tt. Note also that Uj(Ttx) = TtUj{x) implies Uj{Ptx) = PtUj{x) 
according to (jl.Sp and hence by differentiation A^/'^Uj{Ttx) = Uj^A^^'^Ttx). This justifies the 
first equation in (j2.6p and completes the proof. ■ 



Let us recall the notation Ta^^a2 = (^a°'i)a"2 for iterated gradients, see |Jun08| . 

Proposition 2.5. Let {Tt) be a semigroup with a Markov dilation and L^ > 0. Let (Pt) be the 
associated Poisson semigroup satisfying 

A^I'^A dA , Ps(^) C ^ 

and that f{s, t) = PsTi/2,i{Ptx, Ptx) is L2-continuous for x €z A. Then 

IK/ r{A^/^PsX,A^/'^Psx)sds)2\\p < cp||r(x,x)2 
Jo 



2 Hp . 
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Proof. A glance at (jl.Sp shows a Markov dilation for Tt implies that Pt is factorable. According 
to |CL99j . we deduce that Pt also has a Markov dilation. Let us denote this family of maps 
again with tt^. We consider the submartingale 

Us = 1Ts{T{PsX,PsX)) . 

Indeed, for s < t we deduce from > that 

E[tiys) = TTtiPt~sT{PsX,Psx)) > Trti^iPtX,Ptx)) . 
As in Lemma |2. II we consider /(r) = Pt-r^{PrX, P^x) and obtain 

/'(r) = A^/'^Pt-r'i^{PrX,PrX) - Pt-r'i^{A^/'^ PrX, PrX) - Pf_^r(P^X, ^^/^P^x) 
= -2Pt-rTi/2,liPrX, PrX) . 

This implies 

E[t{ys-yt) = '2E[t / 7rriTi/2^i{PrX,PrX))dr . 
J s 

We apply (j2.4p for Pg and obtain 

\\TTr{y) - Trt{Pt-ry)\\l < ||y || 2 1| (y) " (y) || 2 • 

We deduce that 

II I TTr{^il2,l{PrX,PrX)) - Es^^^{'nr{^i/2,l{PrX,PrX))dr\\ 



3 

< 



E r l|ri/2,l(^'rX,P.x)||^/'||(P,-P,^.^Jri/2,i(P.X,P,x)||^/'dr. 

Thus uniform continuity of PtTii2^i{PrX,Prx) implies that the limit converges to as long as 
the mesh size converges to 0. Therefore we obtain 

lim^Xl^*i+l(^«J ~ ^^i+l) = 'Kr{^i/2,l{PrX,PrX))dr . 



Now, we apply the inequality for potentials Lemma 11.21 and find 

\\^Es^+^{ys,-ysj+Mp/2 < Cp/2||2/o||p/2 • 

j 

Indeed, since we are working with a reversed martingale, yo = 7ro(r(3;,x)) is the endpoint. 
Passing to the limit, we deduce that 

/•CO 

II / ■^si^l/2,l{PsX,PsX))ds\\p/2 < Cp/2||yollp/2 = Cp||r(x,x)||p/2 . 

Jo 

Conditioning on ttq yields 

II / PsTl/2,l{PsX,PsX)ds\\p/2 < Cp/2||r(x,x)||p/2 . 

Jo 

Now, we recall from |Jun08j that 

ri/2,i(y,y) = / PtT{A^/^Pty,A^/^Pty)dt+ / T\Pty,Pty)dt 
Jo Jo 

/•OD 

> / PtT{A^/^Pty,A^/^Pty)dt. 
Jo 
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Here we use > 0. Therefore, we obtain 



II / T{A^/^PsX,A'/^P,x)sds\\p/2 = 2|| / T{A'/^P2sX,A^/^P2sx)2sds\\p/2 
Jo Jo 

< 2 II / PsT{A'/^P,x, A^/^P,x)2sds\\p/2 

Jo 

= 2 11/ / Ps+tr{A^/^Ps+tx,A^/^Ps+tx)dsdt\\p/2 
Jo Jo 

/•oo 

< 2 II / PsTi/2^i{PsX,Psx))ds\\p/2 < 2cp/2 ||r(x,x)||p/2 . 

Jo 

Our next task is to replace Ps by Tg following a well-known path in |JLMX06] . 



Lemma 2.6. Let 2 < p < oo, T be a completely positive form on Ax A, and (Tt) be a semigroup 
of selfadjoint maps with selfadjoint generator such that 

(2.7) ||(5^f(r,,xfc,r,,xfc))i/2||p < c{p,e)\\{Y,rix,,xk)y/% 

k k 

for all Zk with < Arg{zj.) < 6, where < < vr. Moreover, assume that A^/'^L2{N) is dense 
in (/ — Pr)L2(A^) with respect to \\x\\j\ = t{T{x,x)). Then 

(2.8) IK/ T{TsX,Tsx)ds)-2\[p < coc{p,e)\\{ T{PsX,Psx)sds)-2\[p 

Jo Jo 

holds for all X €z A with Pr(2;) = 0. 

Proof. We introduce the space Lp{L2{T)) as the the closure of continuous functions such that 

/■oo 1 
WfKiLUt)) = \\il f(/(.),/(.))-)V2||^. 

As in |JLMX06l Corollary 4.9] our assumption implies that the family z{z — a)~^ is Col-bounded 
on Lp (L2(r)) for the same angle. Then we may apply |JLMX06l Theorem 4.14] and deduce 
that r$ with the kernel $(s,t) = F2{sA)Fi{tA) is bounded on Lp(L2(r)). We may choose 
F2{z) = z^l'^e~^ and F\{z) = ze~^. Let us assume that x = A^^'^y. Let us define f{t) = y/AtP^y 
Using a change of variable, we deduce that 

/ r(/(t),/(t))^= / r(p^x,p^x)t^ = i / T{Psx,Psx)s'^. 

Jo 1^ Jo s ^ JO ■s 

Li order to apply T$ we have to calculate 

F,{tA)f(t) ^l = j^ tAT,[t^l-A^I-P^,y) y = t^AHP^,y j • 

Let dEx be the spectral measure for A and d^iy^^y the induced probability measure for elements 
2/1, y G L2{N). Then 

r{yl rtlAlT,P^,y^)= T T it aI e-*Vv^v^^d^,„,(A) 

= (]|"tte-V^|) r{yly2). 

Let us denote by c the constant given by the converging integral. Since yi is arbitrary we deduce 
by approximation that 

r$(/)(s) = cA'^'Tsiy) = cTs{x) 
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holds for all x G L2(-^2(r)) with Pr(x) = 0. Let us note that the assumption that A is selfadjoint 
is not necessary. In the sectorial case we refer to [JLMX06| Lemma 6.5] and the argument in 
[JLMX061 Theorem 6.7]. The assertion follows from the boundedness of T$ on Lp{L2{T)). ■ 

Remark 2.7. For a semigroup of (selfadjoint) completely positive maps and the canonical form 
T{x,y) = x*y, we deduce that 

\\x\\h-(t) < c{p)\\x\\hc(^p) 

without assuming -calculus. The reverse inequality is shown in [JunOSj and hence the equiv- 
alence of different semigroup Hp-noims holds without using a Markov dilation. 

Remark 2.8. Assume the assumption of Lemma 12.41 is satisfied. Then (|2.7p holds for F = L, 
6* < 7r(i - i) and holds also. 

Proof. For a selfadjoint semigroup the results in |JX03j imply 

\\^\Ttkyk\'^\\p/2 < \\^Tt^\yk\'^\\p/2 < Cp\\^\yk\'^\\p/2 ■ 

k k k 

For p = 2 we have 

\\^\Tz^yk\'^\\i = ^\\fz,yk\\l < ^WvkWl 

k k k 

whenever Re{zk) > 0. Then the assertion is a standard application of Stein's theorem on 
interpolation of analytic families applied to yk = u{xk) and yields (j2.7p . Moreover, we may 
directly apply the argument in Lemma 12.61 for Tt and {yj ) . Note that x orthogonal to the kernel 
of A implies that {yj) is orthogonal to the kernel of A. Thus we obtain (|2.8p without using the 
extra density assumption. ■ 

The following argument is based on a continuous version of a result of Stein. 

Theorem 2.9. Let 1 < p < oo. 

i) Let m = drng he a martingale with continuous path in Hp. Then 

Jo r Jo * V) - ^Pll'^ll^p ■ 

ii) Let (Tt) be semigroup with a martingale dilation and x £ A. Then 

\\x\\h-{T) < Cpho{^)\\H- ■ 

iii) Let in addition 2 < p < oo and F^ > 0. Then 



-p^\\^\\h^{t) < T{TsX,Tsx)d6^ \\p < Cp\\x\ 



H-(T) 



Proof. The bulk of the argument is due to Stein, the noncommutative part of the argument 
is contained in |JLMX06l Proposition 10.8] where it is proved that for a martingale difference 
sequence (dj), 

k ^ m 

Ek = y^dj , Km{x) = —y^Ek{x) 

j=0 k=0 

and Am(x) = A^ix) — Am-i(x) one has 

2fc+i 

(2.9) ll(x/^A^(x))lli^(^c) < Cp\\{dj)j\\L^^ec) + Cp\\{ dj)k\\L,(e^^). 
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Here Cp is the norm of Stein's projection in Lp. It is also important to note that this argument 
is true for decreasing or increasing martingale differences. Moreover, let (mj) be a continuous 
martingale so that 

|ljmj|(5^l"^ti+i = \\M\h-- 

Here the limit is taken over partitions of a fixed interval [a, /?] and the mesh size of the partitions 
converges to 0. Then we note that the right hand side of (|2.9p is controlled by two partitions 
and hence 

^liniJ|(\//Ai(m))||i^(<,c) < Cp\\m\\H^ . 
Let us now fixO<a</3<cxD and assume that 

Ek{x) = / dxs 

J a 

holds in terms of stochastic integrals. This implies 

1 '"^ 11 

Ki{m) - Ki_i{m) = -—Ei{m) + Y,Ekim){--—--) 

k=l 



I drris + Y— / (l-( -))dms 



I + 1 .h.^l^ l + l .h, I 



/■"+- 1 /■"+— 

/ ^"^■^ + 777TTT / \n{s-a)~\dms 



I + 1 J^+l^ 

n 

Here [x] is the smallest integer > x. The first part is easy to control and hence 



a-l3 

i-1 



^-^ 1 Injs - a)] ^ 2 1/2 ^ 11 11 



Passing to the limit (see [JLMXOGl ] for a similar reasoning), we deduce that 



dms\'^— 1 \\p < Cp\\x\\hc 



provided the square function is Riemann integrable. Finally, we may sent a and (3 to the 
boundary and obtain 

II ^ \- ^drrisl —j lip < Cp||m||j^c . 

This completes the proof of i). We apply this inequality first in the particular case where 
m = ttqIx) = Jq°° dms{x) is the reversed martingale decomposition. We also add the conditional 
expectation Eq. Let 'Ko{y) = dms{y) an other element. Then we deduce from the calculus 
of brackets that 

^ r s r s 

T{y* / -dms{x)) = 2 T{TTs{T{Tsy,Tsx)-))ds 
Jo r Jo r 

= 2 [ T{y* AT2sx)-))ds = 2r(y* / AT2sx)-ds = T{y* [ AT2srx2sr ds) . 
Jo ^ Jo r Jq 



Let us define 



/■I 1 _ p-2z 

/ {2zs)e~^''^" - 
Jo 



f{z) = I (2zs)e-2-ds = ^ e 
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Note that /(O) = and vanishes at oo. Then we see that 

f{rA)x = [ 2rsAT2rsxds . 
Jo 

Using the equivalence of different square functions [JLMX06] , we deduce that 

\\x\\h-{t) < Cp \\7ro{x)\\H- ■ 

For our last assertion we consider p > 2 and the martingale m = m^(x). For fixed r, we deduce 
from the fact that the function /(s) = s is adapted that 

/ s drnj.{x) 
Jo 

is a martingale and hence 

poo pr pr 

{ dm^iy), / dm^(j;)s) = 2 / irs{T{Tsy,T2sx))sds . 
Jo Jo Jo 

Here we use the projection on itq{N) from Lemma [2. 3 1 and the calculus of brackets for stochastic 
integrals. This implies 

Eq(- / sdm1(x)) = - AT^sX sds = - AT^srX (3sr)ds . 
r Jo r Jo 3 Jo 

Thus replacing / by f{z) = J^{3sz)e~^'^^ds, we deduce again with the equivalence of different 
square functions that 



\x\\h^{t) < CpWm^ix^H^ < Cp II ( / r{TsX,Tsx)ds 



IP ■ 



The last estimate is of course taken from Proposition 12. 3i Assuming F^ > 0, we can refer to 
|Jun08j for the estimate 



r{TsX,Tsx)ds j lip < Cp||x||j^c(T) . ■ 

Theorem 2.10. Let (Tt) be a semigroup satisfying F^ > 0. Assume that 

i) The assumption of Lemma \2.4\ is satisfied or 

ii) Condition (j2.8|) is satisfied for T = F and f{t,s) = PsTi/2^i{Ptx, Ptx) is L2-continuous 
for X £ A. 

Then 

P^x||j^c(r) < Cp ||F(x,j;)2||p 

and 

\\A^x\\p < Cp max{||F(x, x) 2 lip, ||F(x*, X*) 2 lip} . 
holds for all mean elements x £ A. 

Proof. For the first assertion we combine Theorem 12. 91 ii) with Lemma 12.41 or Remark 12. 8i This 
allows us to apply Proposition (|2.5p . For the second assertion, we refer to [JLMXOB] for the fact 
that a Markov dilation implies //°°-calculus and hence 

\\A^^^x\\pr^c, \\A^^'^x\\h^^t) = max{pi/\||^^c(r),pi/2^*||j^c(7.)} . 

This immediately implies the second assertion. ■ 
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Remark 2.11. In a forthcoming pubhcation we will show that the assumption in Lemma 12.41 
is satisfied for Fourier multipliers on discrete groups. Motivated by the recent work of Ricard 
we will also construct a Markov dilation satisfying the conditions i) and ii) at the beginning of 
this section. 

3. The probabilistic model 

The probabilistic approach to Littlewood-Paley theory goes back to the work of P.A. Meyer 
and has found many applications. Instead of adding a time component to the manifold as in 
Stein's approach, the probabilistic approach adds an additional brownian motion to the picture. 
As in the previous section we assume that (Tt) is a semigroup of completely positive maps and 
that TTs is a Markov dilation satisfying i). (The reversed condition is no longer necessary). Let us 
keep the notation Pro for the projection on the kernel of A and start with a simple observation, 
well-known in the commutative case. 

Lemma 3.1. Let —A be the negative generator of Tt = e^^^ and x £ dom(yl) with Pro(x) = 0. 
Then ^ 

mt{x) = TTtix) + / T:s{Ax)ds 
Jo 

is a martingale. 

Proof. For p > we calculate 

Es{ e-P'7rtiip + A)x)dt) = / e-P^TTtUp + A)x)dt + {p + A)e-P'^s{Tt-s{p + A)x)dt 

Jo Jo Js 

rs roo 

= e-P^Trtiip + A)x)dt + e-P'TTsi e-^^P+^\p + A)xdt) . 
Jo Jo 

A change of variables shows that Jq°° e~^^P^'*'\p + X)dt = 1 holds for every A G M. Thus (arguing 
in L2 if necessary), we see that g-^ip+'^) (^p -)_ A)xdt = x for all x with Pro(x) = 0. Hence 

i^s^p = e'P^TTsix) + / e~P^Trt{px + Ax)dt 
Jo 

is a martingale for all p > 0. Sending p — > implies that ms{x) is a martingale. ■ 

Lemma 3.2. Let —A be the generator ofTt = e~^^ and T the associated gradient form. Assume 
that the filtration Mg is continuous. Let x,y £ A. Then 



{m{x),m{y))t = 2 TTs{T{x,x))ds . 
Jo 

Proof. Let us recall that for adapted process (a^) and (bg) we have 

{a,b)s = lim^Ss,((a.,+i - as,)*(^+i - ^)) • 
j 

The limit is taken in the weak sense. In particular, the bracket is bilinear and vanishes on 
martingales, because then Esj{ms-^-^ — msj) = 0. It is best to start with 

'Kt{x*x) — 'iTs{x*x) = mt{x*x) — ms{x*x) — / 7rr{A{x* x))dr . 

J s 

We use the notation TTt{x) = mt{x) + at{x) where at{x) = 7rr{—Ax)dr and mt{x) is the 
martingale from the previous Lemma l3.1[ Then we find 

'Kt{x*x) - 'Ks{x*x) = ■nt{x)*-Kt{x) - ■Ks{x)*T^s{x) 
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= (iTtix) - TTs{x) + TTs{x))*{7rt{x) - TTsix) + TTs{x)) 

= {lTt{x) - TTsix))* TTsix) + TT^ (x)* (vTj (x) - TTs{x)) + (vrj(x) - TTg (x))* (vTt (x) - 7r^(x)) 

= {mt{x) - nisix))* TTsix) + (at(x) - as{x))TTs{x) 

+ 7rs(x)*(mt(x) - ms(x)) + TT^ix)* {at{x) - as{x)) 
+ {mt{x) - ms{x))* {mt{x) - nisix)) + (mt(x) - ms(x))*(at(x) - as{x)) 
+ {at{x) - as(x))(mj(x) - ms{x)) + (at(x) - as(x))*(at(x) - as(x)) . 
After applying Eg the first and the third term disappear. Then we observe that 
\\{at{x) - as{x))* {at{x) - as{x))\\ < (t - s)^ sup ||7rr(^x)|| 

r 

and hence for bounded Ax this terms disappears when the mesh size goes to 0. Since we assume 
that the filtration is continuous, we know that ms{x) is norm continuous in L2p, p < oo. Thus 
by uniform continuity we find 

lini sup V||(as,+i(2;*) -as,(x*))(m^j+i(x) -ms,(x))||p = 0. 

Note that the Lp continuity of nis implies the Lp continuity of vr^. Therefore we obtain in the 
limit (in the Riemann sense) 

(m(x),m(x))t = — TTr{A{x* x))dr + / TTr{Ax*)TTr{x)dr — / TTr{x*)TTr{Ax)dr . 

Jo Jo Jo 

Here we use ()2.4p for a = r(x,x). By assumption AT{x,x) £ A for x £ A and hence we 
7Tr{a) — EsjTTr{a) gocs do uniformly in |r — By polarization the formula is true for all 

x,y. m 

The main ingredient in the probabilistic approach towards Riesz transforms is to use Levy's 
stopping time argument for the Brownian motion (see however [G un86j , |GV79j for more com- 
pact notation). Let (Bt) be a classical brownian motion with generator ds (instead of the 
usual ^ds) such that Bq = a holds with probability 1. Then we consider the stopping time 
ta = inf{t : Bt{ijj) = 0}. Instead of A we consider now the tensor product A{B) A where 
A{B) is the algebra of polynomials in the variables Bf. The new generator is 

This leads to 

t{x,y) = r(x,y) + |x*|y. 

The Markov dilation is given by Mf ^x) = f{Bt) O TTt{x). Indeed, let Ms = Mf ® Ms be 
the von Neumann algebra given by the tensor product of the Brownian motion observed until 
time s and the von Neumann algebra Ms given by the Markov dilation. Then 

EsifiBt) ^ TTtix)) = E^{fiBt))EsiTTt{x)) = Tf_J{Bs)TTs{Tt.s{x)) 
= TTs{iTf-s(^Tt^s){f(^x)) . 



Here we use the fact that the brownian motion is the Markov process for the generator D'^ 



with corresponding semigroup T/^ = e . For an element x G ^ we use the notation Px G 
Loo (I^+ ; N) given by the function 

Px{t) = Pt{x) . 

We will also write P'x for the function ^Ptx. Harmonicity now leads to a well-known martingale 
property (again due to Meyer). 
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Proposition 3.3. Let be the stopping time as above. Then 

nt{x) = TTt^MiPx) 

is a martingale with bracket 

l-taAt 

{n{x),n{x))t = 2 7rs{t{Px, Px))ds . 

Jo 

Proof. We consider y = 7rt„(Px) = 7rt„(x). Let us calculate the conditional expectation Eg- 

EsiTTt^x)) = lt„<s4(vrt„(x)) + lt„>s4(vrt„(x)) = lt„<svrt,(x) + lt^>,E^ {7Ts{Tt^-s{x))) 

Now, we fix an cj G such that Bs{uj) = b and s < t^. This means 6 > 0. Then — s is exactly 
stopping time until Bt — Bg hits 0. Let us recall that (see |IM741 page=25]) 

Using the spectral resolution A = J XdE{X) we get 



{x,ETt,{y)) = E / e-^'^diy^^yiX) = / e-'^diy.,,y{\) = {x,Pk{x)). 



By continuity, 

(3.1) ETt^iy) = P^y 

holds LpS. Hence we find 

E(7r,(rt„_,(x))|S, = 6) = t^s{PbM) = ^s{Px) 
This proves the first assertion. For the second, we recall that 

mt{Px) = TTtiPx) + [ Trs{APx)ds 
Jo 

is a martingale and according to Lemma 13.21 we have 

{m{x),m{x))t = 2 / TrsT{Px, Px)ds . 



Indeed, we may approximate Px by function of the form fj ® Xj in the graph norm of A such 
that fj{s) = for s < and the apply Lemma [321 So that we read PgX = ls>oPsX. However, 
we have 

^{Pt{x)) = APtx. 

and hence APx = 0. (This might no longer be true for the approximations but it holds in the 
limit). Thus m = {■kt{Px)t) is martingale such that 



{m,m)t = 2 / TTgriPx, Px)ds . 
Jo 



'0 

Thus by conditioning on the stopping time we still have 



{n,n)tAta = 2 / 7i:sr{Px,Px)ds . 
Jo 
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Remark 3.4. Using the stopping we can explicitly construct a reversed Markov dilation for 
Ps once we have one for Tt. Indeed, let i? be a brownian motion such that Prob(-Bo = oo) = 1 
and tf, = inf{t : Bt{u}) = 6}. Such a random variable can be constructed using the limit for 
a ^ cxD of the finite brownian motions above. Then the random variable 

T^b{x) = vrt,(x) 

satisfies 

E,{^b{x)){uo) = E(^e(Tt,_,(x))|t,(a;) = c)(u;) = Tib{Pc-bx){u:) 
for all oh. Here we use the random filtration M^^] . 

In the following we fix the notation paX = vrt^x for the induced trace preserving *-homo- 
morphism. For k > we follow a similar idea as in section 1 and construct martingales Pa{x) 
such that 

rt/\ta 

{pi{x),pi{x))t = / unp^x,p-x))ds. 



Here Ps{x) = P^sX. Indeed, we fix a partition a = {to, ...,tn} and define 

n 

According to Lemma 13.31 we obtain 
{m^,m^)t = 2 j'^'*\sf{P^{Bt^x),P^{Bt^x))ds + j\st{P''{Bt^x),P^{Bt^^^^^ 



<t '-J 



Passing to weak*-limit we obtain p'^{x). 

Lemma 3.5. Let to and t > such that t < ta{uj) and b = Bt{uj) > 0. Then 

{pIx, p1x)t^{uj) < c{K)Et(^Pa{ J Ps{t{PsX,Psx)mm{s,b)ds)^{u!) 
holds for K > 1. For n = 1 and < /? < 1 

Et{paX,PaX)oo - {PaX,PaX)t^{uj) < ^ ^^^ T^tAtai j Pf3b+st {PgX , PgX) mm{s ,b)ds) (uj) . 

Proof. Our starting point is 

{p:{x),p:{x))t = / unp^x,p^x))ds. 

Jo 

For the little bmo norm this implies 

Et{PaX,PaX)oo- {PaX,PaX)t = Et [ ^ TTs{r{P^X, P^x))ds . 

JtAta 

Thus for t > ta{Lo) we have 0. Let us assume t < ta{uj) and b = Bf{Lj) > 0. Then we observe 
that 

¥.{Et j\s{t{P^x,P^x))ds\Bt = b){u) = 7rt(E l\s{r{Plx,Plx))ds^ . 

On the right hand side we used the notation Bs for a Brownian motion starting at b and t;, is 
the stopping time at 0. Let us fix y = PbX. We use a well-known formula for local times (see 
|Bak85bl Formula (11)]) 

ft;, _ -j^ fOO fb+S fOO 



(3.2) E / f{t,Bt)dt = - / f{r,s)dfit{r)dtds 

Jo ^ Jo J\b-s\ Jo 
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where Jq°° e^^'^dfit{r) = e~*^. This imphes 

(3.3) E Ts{t{P^x,P^x))ds = - / Ptr{P^sX,P^sx)dtds 

For K > 1, let a = Then we observe with T^ > and monotonicity from Proposition 11.31 
that 

rb+s rb+s 

/ Ptt{Pf,sX,P^sX)dt < / Pt+aKsT{P(l-a)KsX,P(l-a)KsX)dt 
■J\b-s\ J\b-s\ 

''^'^'^ ^ P\b~s\+af,s(XiP{l-a)nsX,P(l-a)KsX)) 



I ro+s 

< / {t + aKs)dt 

\J\b-s\ 



'\b-s\ I 1^ ~ 'S| + "^■5 

2hs + aKs{b + s — \h — s\) criv d 

= \h-s\ +aKS P\b~s\+a^s[i^[P{l~a)KsX,P(l-a)KsX)) ■ 

Note that h + s —\h — s\ = 2min(6, s). For s > 6 we use monotonicity again and get 

2(1 + aK)bs 



\b — s\ + OKS 



Ps—b+aKS^{P{l—a)KsX, P(l—a)KsX) 



2(1 + aK)5s ' 
- b+{aK- l^s^b+iaK~l)s>^{Pil~a)KsX, P(l-a)K.sX) 

2(1 + an) - 

< b-, —rT-Pb+{aK-l)s^{P{l-a)KsX,P(l-a)ttsX)) ■ 

{ Q^/tj J.. ) 

Note that for b > s we have |6 — s| + ans = b + {ok — l)s and hence 

foo /•b+ 



- / / Ptt{P^sX,P^sX)dtds 
^ Jo J\b-s\ 

< max((l + aK), -) / Ph_^^^^_^,r{Pi^i_^^^,x, P(^i_a)^,sx) nim{b, s)ds 

an — i Jo 

,K + 3 3 + K, /•°° „ „ , „ 2s , ds 

= 2max(— — , -) / Pf,+sr(Psa;,P^x)mm(6, -) . 

Z K — \ Jq k— Ik— 1 

We deduce the first assertion. For k = 1, /3 < 1, let a = and 7 = Then, for b > s, 

b — s + as > /36 + 7s and hence 

2bs + aKs{b + S — \b — s\) /-f^/n r> 
^1 P\b-s\+as{l^[P{l-a)sX, P(l-a)sX)) 

2s(b + as) - 4s - 

- -^f^:::^Pl^b+jsO^{P{l-a)sX,P(l-a)sX)) < —Pi3b+^s{^{P-ysX,P^sX)). 

For s > 6 we have s — b + as > (3b + ^s and hence 
2(1 + a)6s 



_ , Ps-b+as{^{P{l~a)sX, P(l^a)sX)) 

s I (y.s 

- Ppb+^s{t{P{l-a)sX, P[l-a)sX)) < 2b^^^^Ppb+^s(^{P{l-a)sX, P(l-a)sX)) 

8b 

< ^ _ ^ Pl3b+^s(X{P-/sX, P-ysX)) . 

We deduce the assertion from a change of variables which leads to c(l— /3)~^ or c(l— /9)~^/3^^. 
The lower estimate in the following result is well-known in the commutative theory. 
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Theorem 3.6. Let x ^ A and 2 < p < oo and F > and k > 1. Then 

/•oo 

IK/ Psr{P^sX,P^sx)mm{s,a)ds)^/^\\p < \\PaX\\h-- 
Jo 

For K > 1. 

roc 



/•oo 

Ip^xWh^ < Cp(K)||(/ Psr{P,X,PsX)sdsy 

Jo 



Proof. For the lower estimate, we calculate the conditional expectation of the square function 
onto pa{N). Indeed, let y e N then 

Er(pa(y)* r TTs{t{P^X,P^x))ds) = E ['\{Es{Pa{y*))TTs{t{P^X,P^x)))ds 

Jo Jo 

= E r T{T^s{PBAy*)T^s{t{PnB^X,P^B^x)))ds = E [ ^iv* PBjiP.B.,X, P,B^x))ds 

Jo Jo 

/•CO 

= / T{y*Psr{Pi^sX,Pi^sx))mm{a,s)ds . 
Jo 

For the upper estimate we note that the L^MO is given by 

WpIxWl'^^o = \\snvEt{plx,plx)oo- {plx,plx)t\\]lj^^. 

We may assume z = PsT{PsX, Psx)sds £ Lpi2{N). By Doob's inequality we find a y G 
such that 

■^taAtiPBtZ) = Et{pa{z)) < y 

for all t > and 

l|y||p/2 < Cp/2\\pa{z)\\p/2 = Cpl2\\z\\pl2 ■ 

With Lemma 13.51 we deduce that 

Et{PaX, PaX) oc - {PaX,PaX)t < c{K)TTtAta(.P z) < c{K)y 

for all t > 0. This implies the upper estimate. ■ 

Remark 3.7. In the semi-commutative case where Pt = P^" ^ id is the Poisson semigroup on 
M" we have the estimate 

- ' t 

which follows from the explicit representation as a convolution kernel. Choosing /3 = (1 — i) in 
Lemma \3.5\ we obtain a polynomial estimate 

||pa(a:)|U^ < cn^\\x\\H^ ■ 
Corollary 3.8. Let 2 < p < oo and F^ > 0. Then 

IK / PsTs{PsX,Ps)sds)2\\p lim \\p'^{x)\\hc . 

Jo a^oo 

holds for all K > 1. 

Lemma 3.9. Let x G A such that 

SUpp((P,x)2)||2 < OO. 

s 

Then the martingale xt = Et{pa{x)) has continuous path. Moreover, if F^ > 0, then every 
martingale Pa{x) with x G A has continuous path. 
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Proof. Let us assume x selfadjoint (for convenience). We follow Lemma l2.ll and observe that 
the 4-norm satisfies 

\\xt - XsWt = T{xf) + T(xf) - 4r(x?Xs) - 4:T{xlxt) + 4T(Xt X^) + 2T{xtXsXtXs) 

< T{xf) - 3T{xt) - 4r(x?x,) + 6t(x2x2) 
= T{xt) - T{xt) - 4(t(x?x,) - T{xt)) + 6(t(x?x2) - r{xt)) . 

We note that 

T{xt) = ET{7Tt^M{PB,^M)')) = Er((PBt„.,a;)4) . 
We use the Ito formula for f{s) = (P^x)^ and obtain 

+ / {P'sXPBrXf + PB.xP'sXPBrXf + {PB.xfPB,.^PBrX + {PBrXfPB,.x)dBr + 
rtaM 

/ {P^^PB^xf + P'B^xP's^PB^xf + P'b^xPb^xP'b^xPb^x + P'sXPBrxfPk^)dr + .. 

JtaAs 

Indeed, every term in the second line yields four terms for the second derivative in the next 
line. Taking the expectation it suffices to estimate the terms with the second derivative (using 
the unusual normalization dr instead of ^dr). Thus a uniform bound for A^^'^x in the 4 norm 
implies that 

\T{xf) - T{xi)\ < CE\taAt-taAs\ < C| t - s| max{ px||^ || X ||^ + P^X ||4 || X ||^} . 
For the second term we observe that 

t{x^Xs) = ET{TTt,At{iPBt,r.tXf)T^taAs{PBt^r,sX)) = Et {(PB^^^^xfTt^M-taAsPBt^^sX) ■ 

We have to invoke the Ito formula for 

(PB^^.t^f = (PB^^^^xf 
rtaAt 

+ / {P'B^x{PB^xf + Pb^xP'b^xPb^X + {PB^xfPB^x)dBr 

JtaAs 

rtaAt 

+ / {P'jI^^PBrxf + P'b^xP'b^xPb^x + P'B^xPB^xP'B,x)dr + .. 

Here we use P'J for ^Ps- The first term vanishes again due to the martingale property. Then 
we use 

WTvPStaAsX - PStar^sAU < \\TrX - x\\i = II / r^^x||4 < rpx||4 

JO 

in 

ET{{PB,^,,xfTt^;,t-taAsPB,^;..x) - Et ((Pfi,^,, x)^) 

= ^r{{PB,^,,xfPB,a.s^) -Er((PBt„..x)4) +T((PB,,,,x)3(rt,At-UAs-/)PiJ,,..x) . 
Applying Ito's formula for Pg^^^^x we find an estimate of the form 

|r(xtXs) - t(x^)| < |t - s|(||x||4p2x||4 + ||x|||px||4) 
for j4^x, Ax G L4. For the last term we have 

T{xlxl) = ET{{PB,^,^xfT,^;,t^t.UPB,a.s^?) ■ 

The Ito formula for (-PetaAt^)^ simpler than above. According to our assumption 

\\{TtaAt-taAs- mPB,^..xf)h < C\taM-taAs\ < C\t - s\ . 
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Therefore the martingale satisfies the assumption of the noncommutative Kolmogorov theorem 
due to |GL85j . Finally, let us assume that > 0. Then we use APx = and conlcude for 
selfadjoint x that 

A{PsxP,x) = A{PsxPsx) + -^{Psxf = 2f (P,x, Psx) + + P'.xPsX 

= 2T{PsX, Psx) + 2P'^xP',x + PsxP'.x + P'.xPsX . 
This implies with < T{PsX, Pgx) < PsT{x, x) and Holder's inequality that 

\\A{P,xPsx)\\2 < 2\\T{x,x)\\2 + 2\\A^/^x\\l + 2\\x\\4\\A^/^x\\4 . 
Thus for X G „4, we have r(x, x) ^ A and hence a uniform estimate in s. ■ 

The main advantage of the probabilistic model is that it allows to consider time and space 
derivatives simultaneously. Let us recall that in the space hp, 1 < p < oo, we have an orthogonal 
projection P^^ on the space of martingales 



br 



{ J XsdBg : (xs) adapted} 



Of course, we have to read / XgdBs as a stochastic integral approximated by Ylisj (-^Sj+i ~ ) • 
We refer to the classical literature for approximation of the stopped process 

( j XsdBs)ta = j XsdBs 

which remains in /ip*". Let us consider a martingale zt G Loo{^)®N . Then the brownian 
projection zt is the unique martingale bt G h^p such that 



{b,jx.dB^), = {z,jx.dB^), 



holds for every adapted process x. Let us consider for example the simple tensor z = f ®y. We 
may assume 

EfU) = f 9{r)dBr 
Jo 

Let Zs = Es{z). Note that 

Zs+h -Zs = Ef_^^{f)ys+h - Ef{f) ® Vs 
(3.4) = (i?f+,(/) - Efif))y, + i?f - y.) + (i?f+,(/) - - Vs) ■ 

Thus for m = Xs{Bs+h — Bg) we find 

Es{{ml_^f^- m:^){zs+h- Zs)) = xlEs{{Bs+h - Bs){zs+h - Zs)) 
= x*M{Bs+h - Bs)iEf+hif) - Ef{f))ys + x*M{Bs^h - Bs)Ef {f){ys+H - Vs)) 
+ x:4((i?s+/. - Bs){Ef^j,{f) - Ef{f)){ys+h - ys)) 

g{r)dr y^ . 



Indeed, for the two additional terms we use commutativity and Es = Ef ® Es- This yields 
in both cases. Thus in general we find 

(/ asdBs,z)t = / g{r)Er{y)dr and bt = g{r)Er{y)dBr . 
J Jo Jo 
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This shows us how to extend the projection P^^ by hnearity. Since this procedure is less known 
in the non-commutative context we shall also show continuity with respect to the hp norm. We 
come back to (|3.4p and observe as above with the help of orthogonality that 

Esiizs+h - ZsTiz^^, - zs)) = EMEf^hU) - Ef{f))y,r{Ef^^{f) - Ef{f))y,) 

+ EsiiEfif)iys+h - ys)rE^if)iy,+, - ys)) 

+ EME^+hif) - i^f (/))«,(/) - i^f - ys)nys+k - ys)) ■ 

For the last term we get 

EMEf+df) - EfimEf^^if) - Ef{f)){y,+h - ysWiys+h - ys)) 

r-S+h 

g{r)dr Es{{ys+h - ys)*{ys+h - ys)) ■ 
However, the Burkolder inequality implies that 

\\Y.^^A\ysj+i-ysf)\\p/2 < c{p)\\y\\l. 

Thus for bounded g, the last term vanishes as long as the mesh size of the partition goes to 0. 
This yields 



{z,z)t = {b,b)t + { Es{f)dys, Es{f)dys)f 
Jo Jo 
By approximation and linearity we deduce that 

(3.5) {P''^{z),P'^iz))t + {{I - P''niz),il - P'n{z))t = {z,z),. 

Lemma 3.10. Let 1 < p < oo. Then P'"' and (I - P*') are bounded, selfadjoint preserving 
maps on Lp{M). 

Proof. By duality it suffices to consider 2 < p < oo. We see that on a dense set of martingales 
of the form z = fj yj, the images P'^^{z) have continuous path and satisfy 

(P^^(z),P^^(z)), < {z,z)t. 

Thus the Burkholder-inequalities imply that 

\\P'''iz)\\h^^ < IklUj < cip)\\z\\p. 

Note that that P'^^{z*) = P^^{z)*. Since P^^{z) has continuous path we deduce from |JK| that 

IIP'^WIIl, < ci(p)||z|U^ < ci{p)c{p)\\z\\p . 

The assertion follows by density. Moreover, the jump parts of z are mapped to (/ — P^^){z). ■ 

Lemma 3.11. Let x G N, then 

i) (P^V,(x),P^Va(x))t = 2/o*"^*7r,(|P'xp)dr; 

ii) {{Id - P'nPaix),iId- P'nPaix))t = 2/o*"^*7r,(r(Px,Px))c^r. 
Proof. According to Proposition 13.31 and (j3.5p it suffices to show that 

rt/Ma 

(3.6) {P'^ntAx)),P''^M^))) = 2 / U\P'x\')ds. 

Jo 

We deduce from 

(nt,mt)s = (n,m)sAt 

that P^^ commutes with stopping times. Therefore it suffices to consider the martingale mt{x) = 
Tft{Px) + Jq 7rs{APx)ds = TTt{Px) and calculate the component corresponding to the brownian 
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motion. By approximation it suffices to consider n = (y f){Bs+h — Bg) such that / is a S^- 
measurable bounded function. Let Ft : M ^ N he the conditional expectation corresponding 
to the trace preserving map ttj and y = Fs+h{y) G Let /i be the spectral measure such that 

PCX) 

TiyfiA)x) = / fiX)di,{X) . 
Jo 

Then we have 

Er((y f){Bs+h - 5s)vr.+/.(PB,+,^)) 

= E{Bs+h - Bs)fTN{F,+h{y)PB^+,x) = r E{B,+h - i?s)/e-^^=+M^(A) . 

Jo 

To be more precise, we replace g{t) = PfX by a function h{—^/At)x such that h{z) = e^v^{z) 
such that Ve{z) vanishes at and converges to 1 as e goes to 0. Using a stopping time which 
stops the brownian motion at 5 > this calculation can be justified. By Ito's formula we have 

J S 

This yields 

ET{{y® f){Bs+h- Bs)^s+h{PB^+^x)) = Eri{y(S)f){Bs+h-Bs)TTs+hiPBAx)) 

IEt((2/ f)7rs+h{Pk.^)) 2dr + / ET{{y f){Bs+h - B,)7Ts+hiP'ix))dr 

J S 

s+h 

lET((y ® f)7Ts+h{PB^x))dr 
ET((y f ){Bs+h - Br)T^,+h{PB^x)) + / ET((y - B s)^ s+h{PB^x))dr . 

J S 

By independence the last two terms are 0. Note that 

hs+h{y) - My)\\l = '^Wy) - r{T,+h-r{yTy)) < {s + h- r)Py||2||y||2 

implies 

lB^>47:,+h{PB.x)-TTr{P'BM\l < {s + h - r)\\A^ y^Ayh . 
Thus by continuity, we obtain 



ht 



/ TTr{P'B^x)dBr . 

Jo 



Hence for the bracket, we deduce (|3.6|) (with d{Br,Br) = 2dr). 

Lemma 3.12. Let x,y £ L2. Let Pr be the projection onto (ker(A))-'". Then 

lim Ti{iL-P'^)paix),iI-P'^)pa{y))tJ = ^r((/-Pr)(xr(/-Pr)(y)) 

a— +00 4 

Proof. By polarization we have 

rtAta 

{{Ld-P^')iT,Sx),{Id-P'')7^tAy))oo = 2 / 7,sT{Px,Py)ds. 

Jo 

Thus taking the trace yields 

r(((/d - P^^)7rt„ (x), {Id - P^'-)7rt„ (y))oo) 



2E I \{TTsT{Px,Py))ds = 2E [ \{Pb,x* APB,y)ds . 
Jo Jo 
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Again, we may use polarization and hence it suffices to establish the result for x = y. Let dE\ be 
the spectral measure of A and oJxiT) = {x,Tx). We use the well-known formula (see |Bak85bj ) 

(3.7) E/ f{Bs)ds = / mm{a,s)f{s)ds . 

Jo Jo 

This implies 

E / \{PbX ^PB,x)ds = E [ \x,P2BsMx))ds 
Jo Jo 

= / E/ e"2v^^»A(isa;:,.((i^A) = / / mm{s,a)e-^'^'dsujx{dEx) . 
Jo Jo Jo Jo 



'0 Jo Jo Jo 

For lima^oo we find 

Jo 4. Jo ' ' s A 

for A > and equals else. Thus we get 

hm riiild- P'n^tAx),{Id- P'n7rtAx))oo) = ^((/ - Pr)(x), (/ - Pr)(x)) 
Thus the general formula is established by polarization. 

The next Lemma deals with Hardy spaces and follows closely Bakry's proof. 
Lemma 3.13. Assume that > and (Tt) admits Markov dilation path. Then 

sup \\{I - P'nPa{A'/'x)\\H^ < c(p)||F(x,x)i||p. 
a 

holds for 2 < p < oo. 

Proof. Let x €z A. We consider the function 

f{s) = T{P,x,Psx) 
and claim that yt = T^t{f) is a submartingale. Indeed, we know that 

mt{f) = Mf)+ tMAf)dr 
Jo 

is a martingale. This implies that 

EsiMf)) = Esimtif)) - Es{ fTTr{^f)dr) = ms{f) - Es{ f\r{Af)dr) . 

JO JO 

Let us calculate the right hand side: 

df 

^(s) = TiP',x,Psx)+T{PsX,P',x) 



and hence 

d'f^ 



s) = T{P'Jx, Psx) + T{PsX, P» + 2T{P'^x, P',x) 



ds"^ 

= T{APsX, Psx) + T{PsX, APsx) + 2F(P>, P» . 

Therefore we obtain 

(3.8) - A{f) = - A){f) = 2T\P,x,Psx) + 2F(P,'x,P» . 
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The same equation will allow us to estimate the increasing part of the bracket yt defined as the 
limit of 

(3.9) {y)t = limY,Et^{yt,+,-yt,) 

j 

where the limit is taken along some ultrafilter on partitions of the interval [0,t]. Let rt = 
fl^ Tts{Af)ds. Clearly, the bracket operation vanishes on the martingale part. We obtain 

j 3 

Thus by Lp continuity of ■n3{Af) we find 



{y)t 



[ tTs{2T\PsX,Psx) + 2T{Plx,P',x))ds . 
Jo 



2 Hp 



This does not change if we add stopping times, i.e. we have 

rtAta rtAta 
{ytjt = 2 / vr,(r2(P,x, Psx))ds + 2 / ^s(r(P>, P^x))ds 
Jo Jo 

> {{I - P^){7r,M'^'x)), {I - P'^){7:,M"^mt ■ 
According to Lemma ll.2l we find with p/2 > 1 that 

(3.10) |Ky)tJ|| < cp||ytj|| • 
It is time to apply subharmonicity again. Now in the form 

T{PsX,Psx) < Ps(Tix,x)) . 

Therefore 

7rt,(r(Px,Px)) < 7rt„(Pr(x,x)) = pa{r{x,x)). 
Now, we note that vrt^ : ^ M is a trace preserving *-homomorphism. This implies 

||/9a(r(x,x))||E = ||r(x,x)||E . 

We deduce that 

||(/-P^^^)p„(^l/2x)|Uc < c{p)\m-P''nPaX,{I-P'^)paX)\\'J/l < c' (p) ||r(x, x) ^ 

We may replace the hp norm by the Hp norm, because Paix) and P^^{pa{x)) have continuous 
path. Thus / — P^'^{pa{x)) also has continuous path. ■ 

We are now well-prepared for our main result on Riesz transforms. 

Theorem 3.14. Let Tt be a completely positive self adjoint semigroup with negative generator 
A, which admits a Markov dilation and satisfies T^ > 0. Let 2 < p < co. Then 

WA'^xWp < Cp max{||r(x, x) 2 lip, ||r(x*, X*) 2 lip} 

holds for all x. 

Proof. Let 6 > 0. Using the fact that Pr is a contraction, we may find yo € Lp/{N) such that 
Pr(yo) = 0, llyollp' < 1 and 

(3.11) \\A'/^x\\p < 2{1 + 6)\T(y*oA'/^x)\ . 

By approximation we may assume that yo £ L2{N) and still satisfies (j3.1ip . Since rg 
ker(A^/^)-'" = (ker(yl))-'" we may approximate yo by A^^^y G Lpi{N) such that ||A"^/^y||p/ < 1 
and 

P'/'x||p < ^T{A^/^y*A^I\)\ . 
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We fix a > and according to [JK] we decompose pa{A^^'^y) = rric + rrir + such that 
W'mcWh'', + \\mr\\h\ + \\md\\hd^ < c{p) \\pa{A^^'^y)\\p' < 2c{p) . 

P P p' 

Since pa{A^/'^x) has continuous path (see Lemma l3.9p . we know that 

{ml{I-P'^)paiAy'x)) = 0. 

Therefore we obtain from Lemma 13.131 that 

|Er((/ - P'')pa{A'/V){I - P'n{Pa{A'/^x))\ 
= \ET{{m: +m; + ml){I - P'^){pa{A'/^x))\ 
= |Et(((/ - P^'-(m,)* + (/ - P'n{m;)){I - P'n{pa{A'/'x))\ 
= |ET((m„ (/ - P'niPaiA^^x)))] + \ET{{m;,{I - Pbr){p,{A^/^x*)))\ 
< \\m,U., 11(1 - P'^)ip,iA'/'x))U. + \\m:U^, 11(1 - P^^)(p,(^V2^*))|| 

pi P p' P 

<cip')c{p)\\pa{A'/^y)\\p'{\\Tix,x)^\p + \\r{x*,x*)"^\\p). 
Note that (/ - Pr){A'^/^x) = A^l'^x. Therefore Lemma [3l2] sliows that 

|^(^i/2y*^i/2^)| < 4 lij^ |Er((/-P^'-)p,(^i/2y*)(/-P^^)(p,(A^/2x))| 

a— >oo 

< 8c(p')c(p)(||r(x,x)^||p + ||r(x*,x*)i||p) . 

By our choice of y we deduce the assertion. ■ 

As a further application we compare the martingale fZp-norms and the semigroup iifp-norms 
from |.TLMXn6] . 

Theorem 3.15. Let 2 < p < oo and L^ > and k> \. 

i) Then 

\\A\n- ~c(p) lim||P''V;j(a;)||;,c \vai\\pl{x)\\H<^ . 

ii) If moreover, the assumption of Lemma \2.4\ or Lemma \2. 6\ is satisfied, then 

lim||(/-P''^K(x)|Uc . 

and 

pi/2^IUc(P) < c{p)\\r{x,x)-2\\p. 

Proof. Let us start with an easy application of Theorem 13.61 namely the condition > 
implies 

/"OO J poo 

II y t{PsX,PsX)s^-\\lf^ = {k+1)\\ t{Pi.+l)sX,Pi.+l)sX)sds\\'J^l 

r-oo 

<{k+1) II Pst{P^sX, P^sX)sds\\ly^ 

<(K;+l)lim|| / Pst{P,^sX,P,^sx)mm{s,a)sds\\l',l < (k + 1) lim ||/);;J(j;)||;ic . 

The converse is given by Theorem 13.61 The same argument in combination with Lemma 13.111 
also shows that 

\Plx\Hds\\]l^^ lim||P^>«(x)|Uc 
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and 



poo 

TiPsX, Psx)sds\\'J/l lim 11(1 - P'^p^ix) 



We refer to |Jun08j for 



oo 



r{PsX,Psx)sdsfJll < c{p)\\x\\hc(p) . 
Assuming the condition of Lemma 12.61 for T or under the assumption of Lemma 12.41 we have 







1 ^ roo 

r{TsX,Tsx)sds\\J^2 < c{p)\\ J T{PsX,Psx)sds\ 



1/2 
p/2 ■ 



Thus Theorem 12.91 iii) yields the missing estimate in ii), because the Hp(P) and Hp(T) are 
comparable, see again |Jun08| . In that situation the last assertion follows from Lemma fS.lSi ■ 



4. BMO SPACES 

In the recent years the theory of BMO spaces has been extended to semigroups of positive 
operators on M" assuming that their kernels satisfy certain regularity conditions (see |DY05aj ) . 
In this part we compare different candidates for the BMO-norm. Our main motivation is the 
Garsia norm for the Poisson semigroup on the circle. In full generality we define for a semigroup 
Tt of completely positive maps the norm 

\\x\\bmOc{T) = sup\\Tt\xf -\Ttxf\\ll'^ . 

Lemma 4.1. Let (Tt) be a semigroup of completely positive maps on a von Neumann algebra. 
Then BMOc(T) defines a normed space. Moreover, if (Tt) has a reversed martingale dilation 
and > 0, then the reversed martingale {-KsiTs)) satisfies 

ho{x)\\bmo, = \\x\\bMOc(T) ■ 

Proof. Let us fix t > and define the homogenous expression \\x\\t = ||Tj|xp — |Ttxp||^/^. Let 
d = Tt(l) and e the support projection of d. It is easy to see that Tt{N) C eNe = M. Then 
Ti(x) = d~^/'^Tt{x)d~^/'^ is a well-defined unital completely positive map Tt : N ^ M. Let 
®Tt ^ be the Hilbert C*-module over M with M inner product 

{a0b,c^d) = b*ft{a*c)d. 

Since Tt is unital we obtain *-homomorphism tt : N ^ C{N M) = Mult(-fr(^2) ® M) such 
that 

ft{x) = eii7r(x)eii . 

This implies 

Ttix) = di/2en7r(x)eii(ii/2 . 

Therefore we get 

Tt{x*x) -Tt{x*)Tt{x) = d^/^euTr{xTT^ix)end^/^ - d^/^euAxTeiid^^^d^/^eiMx)eud^^^ 
= d^/2eii7r(x)*(l - eiideii)7r(x)eiid^/2 . 
This implies that the linear map n : — > C{N (^f^ M) defined by 

u{x) = (1 — eiideii) 27r(x)eiid"'^/^ 

is an isometric embedding of A^ equipped with the norm || \\t. An alternative proof can be 
derived from (j2.2p 

rt|x|2 - iTtxl^ = 2 / Tt-sT{T,x,Tsx)ds . 
Jo 
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Thus the GNS construction for the positive form Tt-s^ allows us to find linear maps uts '■ N 
C{N) such that 

ft 



Tt\x\^ - \Ttx\^ = [ \uts{x)\^ds. 
Jo 



This provides an embedding in i^2([0' t])'^niinC{N). Now, we assume that Tj admits a martingale 
dilation as in section 1. We consider the martingale = iTsiTsx) = E\^g{'K{){x)) (see Lemma 
2.ip . The part ii) shows that 



\bmoc 



£^[t((m,m)o - (m,m)t) = 2£'[j / Trs{T{TsX,Tsx))ds = 2-7Tt / Tt^s(^{TsX,Tsx))ds 

Jo Jo 

= 7TtiTt\x\^ - \Ttx\^) . 

Taking the supremum over all t, we deduce the assertion. ■ 

The BMO norm for the probabilistic model is closely related to the associated Poisson semi- 
group. 

Proposition 4.2. Let (Tt) be a semigroup with a Markov dilation. 

i) Let X ^ N and a > 0. Then 

\\x\\bMOc(P) = \\Paix)\\BMOc ■ 

ii) ±\\P'^rp,{x)\\tmo. < Snp.Wj^ Pb+s\Ps\^^m{s,b)dsf2 < 2\\P^Pa{x)Umo,. 

iii) Assume > 0. Then 

1 r°° 1 

— \\{L-P^')p^{x)\\bmo. <sup|| / Pb+sr{PsX,Psx)mm{s,b)ds\\-2 <2\\iI-P'nPaix) 

yu b Jo 

Proof. We recall that Et{pa{x)) = Tft^At{Px) and Pa{x) = 7rt^(x). Hence we get 

for ta{uj) > t. Thus in any case we have 

esssup||^i(|pa(2;)P) - |vrt„At(^2;)p|| < sup \\7rt, At{Ps\x\^ - \Psxf)\\ < \\x\\bmOc(P) ■ 

LU S 

However, for t = we recall that Bq{uj) = a almost everywhere. This means Bt = a + Bt where 
Bt is a centered brownian motion. Since lim sup^ \Bt\/\/2tlog log t = 1, we know that with 
probability 1 the process \Bt\ exceeds a. Thus with probability 1 the process Bt hits or 2a. 
Hence with probability ^ the process hits 2a before it hits 0. Let us assume that Bt(^^^{Lo) = 2a 
and Bs{uj) > for < s < t{uj). By starting a new brownian motion at t(uj), we see with 
conditional probability | we have i3t/(tj) = 4a for some < t'{u)) and Bs{u)) > for all 
t{uj) < s < t'{ijj). By induction we deduce that with probability 2~" the process Bt hits 2"o 
before it hits 0. Thus given any 6 > 0, we may choose n such that 2"a > b. We see that with 
positive probability there exists such that Bt^{^^'^ = 2"'a and Bs{uj) > on [0, tn(tj)] and Bs 
is continuous. By continuity there exists t(u;) G [tn{oo),ta{u))] such that Bt^ = b. In particular, 

\\Eti^^){\Pa{x)?)-\lTtMPx)?\\ = hti.){PB,,Jx\'' -\Pb,,^,x\'')\\ = || P^l x| ^ - | P,x| ^ || . 

Taking the supremum over all b yields i). For the proof of iii) we first apply Lemma [3 . 11 1 and then 
Lemma 13.51 This immediately yields the first inequality (after a concise review of the involved 
constant for (3 = I). For the upper estimate of this term, we recall that with positive probability 
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every value b is hit. Then we start in ()3.3p for a fixed b = Bt{uj). We use the monotonicity 
^h^M < and find 

rtb 1 roD i-b+s 

E Ts{T{P^x,P^x))ds = - / PtT{PsX,Psx)dtds 
Jo s s 2 Jq 

"2 70 b + s J Jo b + s 

1 

> - Pb+s'i^{PsX, Pgx) min(6, s)ds . 
^ Jo 

The proof of ii) is similar but we only need l-Pt^^P < Pt\z\'^ instead of T^ > 0. ■ 

Proposition 4.3. Let [Tt) he a semigroup of completely positive selfadjoint maps and (Pt) the 
associated Poisson semigroup. Let x £ A. Then 

i) Pb\x\'^ -iPbxl"^ = jl^^.^^^Q^^,_^yPb+2u-s^{PsX,Psx)duds, and, assuming V"^ > 0, 

- / Pb+s^(PsX,Psx)mm(s,b)ds < PfebP-lPfeXp < 180 / Pt,T(PsX,Psx) mm(-, s)ds; 
4 Jo Jo 3 

ii) supf, II /g°°P6+s|^i2;|2min(s,6)ds|| < 4: \\x\\%jy.jQ^^py- 

iii) supfy \\ Pb+s^{PsX, Psx) min{s,b)ds\\ < A WxW^^j^^jq provided T'^ > 0. 
Proof. For the proof of i) we recall from (12. 2p applied to Pt that 

Pb\x\^ - \Pbx\^ = 2 / Pfe_,r^i/2(P,x,P,x)ds . 
Jo 

We recall from |Jun08j that 

rAi/2(y,y) = / PtT{Pty,Pty)dt+ / Pt\Plyfdt 
Jo Jo 

holds for y € A. Combining these equations we obtain with a change of variables {v = s + t, 

u = t) 

Pb\x\^ -\Pbx\^ = 2 Pb^s+triPs+tx,Ps+tx)dtds 
Jo Jo 

(4.1) =2 / Pb-^+2uTiPvX,P^x)dudv 

Jo Jmax{0,v-b} 

We apply > and monotonicity 11.31 and split the integral 



poo pv 

2 / Pb^v+2ut'{PvX,PvX)dudv 

Jo Jma.yi{0,v~b} 
poo pv 

> 2 / Pb+2u'r{P2vX,P2vX)dudv 

Jo Jmax{0,v~b} 

f-oo / r-v b + 2u \ 

> 2 / / du\ Pb+2vT{P2vX, P2vX)dv 

Jo \Jmsix{0,v-b} + ZV J 

2bv + iv'^ - 2b max{0, v - b} - 4 max{0, v - 6}^ 



Pb+2v^{P2vX, P2vX)dv 



2{b + 2v) 
- 1"^ Abv 

> / Pb+2v'f^{P2vX,P2vX)vdv + / Pb+2v^iP2vX,P2vX)dv 

Jo Jb 2(6 + 2v) 
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rb 



If,. 1 /■°° ~ 

> - / Pb+2v^{P2vX,P2vX)2vdv + -b I Pb+2v^{P2vX,P2vX)dv 
^ JO Jb 

> - / Pb+2v^{P2vX,P2vx)m.m.{2v,h)dv . 
^ Jo 

Without > we only obtain 

poo 2 /"CxD 

- iPfoXp > 77 / Pfe+2i,|-P2D2;pmin(2t!,6)(iz; = - / Pfe+^,|P^xp min(7;, 6)^7; . 
^ Jo 4 Jo 

This yields iii) and iv). To complete the proof of i) we start with (j4.ip and the condition: 

- = ^ / / Pb-v+2uX{PvX,PvX)dudv 

Jo Jmax{0,i>-b} 

JO J ma.x{0,v-b} 

= 2 / / P6^„+2«r(P„x,P„x)dn(iv + 2 / / Pb-v+2u^{PvX, Pvx)dudv = I + II . 

Jo Jo Jb Jv-b 



For V > b we have 



3 - 3 - 3 

Thus monotonicity implies 



II < 2 / Pb.^iL+2u^{P^x, PiLx)dudv < 10b / Pt±ut{PEX, Pvx)dv 

Jo Jv-b ^ 3 3 76 3 3 3 

oo 



= 90 Pt^^r{P,x, P,x) min(s, -) ds . 

In the range v < b and < u < v we also have 

^ < b + 2n-^- < '-{b + v). 
3 - 3 - 3^ ^ 

Again by monotonicity and with s = | we obtain 

I<10 / Pt±vr{P!LX,P!Lx) vdv = 90 f"" Pt^t{PsX,Psx) sds 



^ JO 



This yields 



AkP - \Pbx\'^ < 180 / Pi, , r(PsX,Psx) min(-,s)ds 
Jo 3 3 



We will now study different BMO norms motivated by the expressions above, namely 

rb ^ 1 

W^W BMO (t) = SUp||Pb / t{PsX,PsX)sds\\^ , 

' b Jo 

\\x\\bmo*{t) = supllTtlx -TiXp||V2 , 
t 

The second norm has been introduced in [Mei08| . motivated by the expression 

VWemo, = supP,(|/-/(z)|). 

z 

We also noticed that it was studied in the commutative case in |DY05bj . With respect to 
II llsMOi it is easy to show that the conjugation operator is bounded from Lqo to BMO. Here 
f{z) gives the value of the harmonic extension in the interior of the circle (see [Gar07] ). This 
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means in / — f{z), f{z) is considered as a constant function. In some sense x — PtX is similar, 
but clearly Ptx still is a function, even when Ptx is the Poisson integral of /. 

Lemma 4.4. Let (Tt) be a semigroup satisfying > 0. Then 
1 f°° 

4 ll^llLfO.(f) ^ lls^P/p Ps+tr{PsX,Psx) minis, t)ds\\l, < 32 \\x\\lj^^^^^^y 
Proof. For the first estimate we note that due to > we have 



-t 

PtT{P^x,P^x)vdv\\oo < II / P^+tt{Pvx,Pvx)vdv\\oo = 4|| r Ps+tT{P,x,P,x)sds\ 



poo 

< 4|| / P,+tT{PsX,Psx) minis, t)ds\ 
Jo 



For the other argument we use a dyadic decomposition. Indeed, according to Proposition 11.31 
we have 

^^tPs+t , 



s + 1 

for s > 2'^t. This implies 



'-TiPsX,PsX) < P2^tTiPsX,PsX) 



1 f°° - f - st 

- / Ps+t^iPsX,Psx) minis, t)ds < / P^+t^iPsX, Pgx) -ds 

2 Jo Jo s + t 

f2t ^ oo 1 f2'^+H c^ufp 

= / PttiPsX,PsX)-—ds + Y — / '^' tiPsX,PsX)sds 

< / PtriPsX,PsX)sds + y^— / P2"tf(P,X,P,x)s(is 



< / Ptf(P,X,P,x)sds + V— / P2nttiPsX,PsX)sds. 
Jo „^i2 Jo 

However, we can replace 2t by t using F^ > and Lemma ll.3l 

f2t f2t ft 

/ PttiPsX,Psx)sds < / Pt+stiPsx,Psx)sds = 4 / Pt+ytiP^x, Pyx)vdv 
Jo Jo ^ ^ ^ Jo 

< 8 / PttiPvX,Pyx)vdv . 
Jo 

Applying this argument for every 2^'^^t, we deduce the assertion. 

The next observation is true for arbitrary semigroups (T^). 

Proposition 4.5. Let (T^) be a semigroup of completely positive maps. Then 

i) \\Tsx\\bmOc{t) < \\x\\bmOc{t) for all s > and x G A^; 

1/2 

ii) l|a;||BMO;(r) < 2 ||2;||bmOc(t) + sup^ \\Ttx - T2tx\\^ for all x e N. 
Proof. Let us start with i) and the pointwise estimate 

< TtlTsxl"^ - \Tt+sx\'^ < Tt+slxl"^ - \Tt+sx\'^ . 

By definition of the BMOdT) norm this implies 

1 1 
\\Tsx\\bmo4T) = supllTtlTsxl"^ - \Tt+sx\'^\\§o < sup\\Tt+s\x\'^ - \Tt+sx\'^\\io < \\x\\bmOc{t) 
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For the proof of ii), we fix t > and use the triangle inequahty (see Lemma l4.ip : 

llTtla; - Ttxl^lloo < \\Tt\x - Ttxl"^ - \Tt{x - Ttx)\'^\\oo + \\\Tt{x - Ttx)\'^\ 
< \\x - Ttx\\lj^^Oc{T) + IW^tix - Ttx)p||oo 
^ + 2\\Ttx\\'^Q]^.jQ^j^npj + \\Tt{x — Ttx)\\1^ 

We apply (i) and obtain 



\Tt\x - Ttxplloo < M\x\\bmOc{T) + ~ Ttx)\\'f 



Taking supremum over t yields the assertion. ■ 
Our next goal is to show that the BMOc{P)-'d.oicid. is in fact larger than the i?MO* (P)-norm. 
Lemma 4.6. Let a > 1. Then 

sup \\PtX - Patx\\ < V2{l + log3a)\\x\\^j^jQ^^f,^y 

Proof. For t fixed, we have the 



\P3tX-P2txr < P3t(\P-MX-PLxn = Paid / Pixdsr) 

2 2 2 2 I t 

•' 2 

3t 3t at 

< P-At{t r \PsX\'^ds) < 2P-it{r \Plx\'^sds) < 2P-M{r |P>psds). 

2 y| 2 _/t 2 Jq 



This implies in particular that 

sup ||PtX - P^xlloo < V2\\x\\^J^,JQ^^f.y 

For 1 < a < |, choose 6 > such that = |. Then we obtain 

II \PtX - PaM'^Wao < \\Pbt\P{l-b)t{x) - ft (i_fe)t(a;)Pl|oo 

- ft(i_fc)f(a:)|^||oo :i ll^'llBAfo,{f) • 



(4.2) < II |P(i_bu(x) - Pa,. ,,,(x)|2|U < 2 ||x|'2 



We deduce 

(4.3) ||Pt(a;) - Pat (x) 1 1 00 < V2 



BMOciVA) 

for any 1 < a < |. Consider now a > |. Let n be the integer part of logs a. We may use a 
telescopic sum 

Pj;X - PatX = {PtX - P3tx) + (P^X - P-i^x) ^ (P(3)„jX - Patx) ■ 

We apply (j4.3p for every summand. Then the triangle inequality implies the assertion. ■ 
The careful reader will have observed that we need one extra estimate to complete the cycle. 

Proposition 4.7. Let (Tt) be a semigroup satisfying > 0. Then 

18 

ll^llBMOc(f) ^ 3_ ^ \\x\\bmo*{p) . 
Proof. We fix x, t and split x = {x — Pux) + P4tx. Then we have 

)—-ds\\Eo < II / P.+tr(P,(x-P4tx„_.,.. , ^ 

S + t Jo ^ + * 

St 

s + t 



st I f°° ^ st I 

Ps+tT{PsX,PsX)—Js\\^ < II / P,+tr(P,(x-P4tx),P,(x-P4tx))— ^ds||<?3 

St i 

+ 11/ Ps+tT{Ps+4,tx,Ps+4tx) — — ds||^ 
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For the first term we may apply Proposition 14. 3t ) for x' = x — P^x and obtain with ^ < 
min(s, t) that 

II / Ps+triP,{x- Pux),Psix- Pitx))mm{s,t)ds\\So < 2 \\Pt\x - Pux\^\\^/\ 
Jo 

The last term can be estimated by the SMO*-norm using the triangle inequality from Lemma 
14.11 as follows 

\\Pt\x - Pitx\^\\^/^ < \\Pt\x - Ptx|2||V2 + ||p^|p^^ _ P2tx|2||V2 + \\p^\p^,x - Pitx\^\\^/^ 
(4.4) < ||Pt|x - Ptx|2||l/2 + ||p2t|x - Ptx|2||l/2 + ||P3,|x - Ptx\^\\^/^ < 3||x|| ba^J (P) 

For the tail estimate we apply again the F^ condition: 

Ps+t^iPs+4tX,Ps+4.tx) — Cis||^ < II / Ps+t+3t'i^iPs+tX,Ps+tx) — ds||c^ 

S + t Jr. S + t 







r p,+,^tt{Psx,Psx)^-^-^ds\ 

Jt s 



2 

oo 



For s > t we consider the function f{s) = ' = | + ilf - f]- Note that f{t) = and 

for t < s < |t we have f{s) < ^. For s > |t we f{s) < | + | = Thus in any case 

(s -t)t ^7 3st 



9s + 3t 

Taking supremum over t, we obtain 



/•CO roo ^ st - 

sup II / / Ps+tt'{PsX,Psx) — —ds\\^ 
t Jo Jo s + t 



poo poo s3t ^ 

< 2sup||Pt|x-P4tx|^f/2 + ^SUp|| / / Ps+3ttiPsX,PsX)——ds\\l 



oo • 



t Jo Jo s + ot 

This implies 

(l-^)supll/ / P,+tF(P,x,P,x)^ds||lo < 2 sup||Pt|x-P4ta;|2||2 

< 6 \\x\\BMOi{P) ■ 

We may replace by min(s, t) with an additional factor 2. Hence the assertion follows from 
Lemma 14.41 ■ 

Theorem 4.8. Let {Tt) be semigroup of completely positive maps satisfying F^ > 0. Then the 
norms \\ \\bmOc{P)' II \\bmo*{p) '^''^d \\ W^mo (f) ^'"^ equivalent on A. 

Proof. According to Proposition 14.31 we know that 

supll / Ps+tF(P,x,Psa;)min(s,t)ds||(^ ~i8o ||2;||ba/o,{p) • 
t Jo 

Then Lemma [4.41 implies that || \\bmOc{p) II IIbmo (f) equivalent. Proposition (j4.7p 
provides the upper estimate of || 11^^/0 (f) ^-ga-inst || \\bmo*{p)- Conversely, we deduce from 
Proposition 14.51 Lemma 14.61 Lemma 14.41 and Proposition 14.31 i) that 

\\x\\bmo*{p) < 2||x||BAfOc(P) +sup||Ptx - P2tx|| 

< 2||x||BMOe(P) + \/2(l + log| 2)||2;||^j,^o^(p) 

< 2||a::||5AfOc(P) + 2^2 2^6 ||2;||ba//Oc(p) = (2 + 8\/3)||x||sa//Oc(p) • 
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Thus all the norms are equivalent on A. ■ 

We conclude this section with two results on interpolation which show that the BMO spaces 
are indeed a good endpoints. Let us define 

\\x\\bMO{T) = ^^^{\\^\\bMOc{T)A\^*\\bMOc{T)} 

and the space BMO{T) as the completion of N with respect to that norm. 

Theorem 4.9. Let (Tt) be a semigroup of completely positive maps with a Markov dilation and 
r2 > 0. Then 

i) [SMO(r),Lp(iV)]i = Lpg{N); 

ii) [BMO{P),Lp{N)]l = Lpq{N). 
holds for 1 <p < oo, 1 < q < oo. 

Proof. For both proofs we note that the trivial inclusion N C BMO implies 

Lp,{N) C [BMO{N),Lp{N)]i . 

For the converse in i) we consider the norm 

(4-5) \\Mx)\\L-mo{N) = II sup 7rt(rt|xp - iTtxp) 11^/2 

Since F^ > 0, we know that the reversed martingale mt{x) = T^t{Tt{x)) has continuous path 
and therefore 

ho{x)\\L'^MO = lim ||sup^i^,](|7ro(x) -mt^,(x)p)||p/2 = ||a;||Lc^o 
\(j\,U j 

holds for every ultrafilter on the set of partitions. For a fixed partition and a reversed martingale 
(Us) we introduce 



l|y||L-MO(<7) = max{||supSt^](|yo -yij )||p)2' II sup^t^](|yo - I )llp/2} • 

j 

It was shown in [JM07j that 



3 



2 

[L„MO{a),Lq{M)]g C Ls{M) with - = h - 

s p q 

and the constant c{s) is uniformly on compact intervals of (1, oo) and independent of a. Thus 
for the norm 

llylUpMO = lim IklUpMOH 

we still have 

-j^ 2 Q 

[LpMO, Lq{M)]g C Ls{M) with - = h - . 

s p q 

However, on ttq{A) we know that the LpMO and the LpUio norm coincide and hence 



Let us briefly indicate that 7ro(^) is dense in 7ro{N) viewed as a subspace of LpMO. Indeed, since 
the continuous martingales are closed with respect to the Lp norm, and the Lp(M) majorizes the 
LpMO norm up to a constant c{p), the density follows from the density if A in Lp[N). Finally, 

the embedding ttq of Ls{N) in Ls{M) is isometric and therefore we have 

[Lpmo{N),L,{N)]eClLs{N) 
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with a constant c{s) bounded on compact intervals. Sending p —>■ oo and ^ to ^, we deduce 

[BMO(T),LgiN)]rC Lg,{N) . 

V 

For P we can either work with the Markov dilation pa and perform a similar argument, or we 
can observe that a Markov dilation for (Tf) produces a Markov dilation for (Pt)- H 

In some applications it is worth while to work with the column space BMOc{T) as completion 
of with respect to the BMOc{T) norm. 

Theorem 4.10. Let (Tt) be a semigroup of completely positive maps with a Markov dilation 
andV"^ > 0. Then 

i) [BMOe{P),L2{N)]2_ C H;{P); 

ii) [BM0c{T),L2{N)]l C HS{T). 

V 

Proof. For the first assertion, we just recall that as in the proof of Theorem 14.91 we have 

[L;M0{M),L2{M)]e C H^{M) , i = + ^ . 

^ s p 2 

The same remark on the uniformity of constants applies. Note also that 

lko(a;)||L^MO{M) < \Wo{x)\\BMOciM) < \\x\\bMOc{P) ■ 

Sending p — > cx) and applying Theorem l2.9t i) we obtain assertion ii). Assertion i) can be derived 
from ii) or adapting the argument for pa instead of ttq. ■ 

5. Abstract semigroup theory 

In the theory of semigroups certain tools from classical Hardy-Littlewood theory are still 
available. In this section we will recall the so-called Hardy-Littlewood-Sobolev theory which is 
beautifully presented in [VSCC92] . Almost all (but not all) the methods from the commutative 
theory apply in our setting. In particular, we will prove the von Neumann algebra version of 
[VSCC92i, Theorem II. 5. 2]. We refer to |VSCC92] for history and credits. We are interested in 
the space 

Ll{N) = (I-Pr)L,(iV) 

of mean elements. Recall that Pr = limt^oo Tt is the orthogonal projection onto the kernel of 
A and hence (I — Pr) is a complete bounded (with cb-norm < 2) on all Lp{N). 

Theorem 5.1. Let (Tt) be a semigroup of completely positive selfadjoint contractions on a von 
Neumann algebra N with negative generator A and n > 2. Let Lp{N) be the space of mean 
elements. The following are equivalent 

i) ||3;||2„/(„_2) ^ ^1 {x,Ax) for all mean elements x, 

ii) 1 1 a; 1 12'^'^^"' < C2 {x,Ax) Ha;!!^^" for all mean elements x, 

iii) \\Tt : L\{N) ^ L^{N)\\ < C^t-^l\ 

An important tool is the family of conditions 
(RD \\Tt : Ll{N) ^ L°(iV)|| < Ct-td/P-i/a) ^ l<p<q<oo 

The proof of the following result is verbatim the same as in the commutative case. 

Lemma 5.2. Let Tt be a selfadjoint family of operators, uniformly bounded on Lp{N). Then 
(R?^) holds for one pair 1 < p < q < 00 if and only if for all 1 < p < q < 00. 
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Sketch of proof. Let Pi < p < q and ^ = + ^. Assume {I^). Then we deduce from 
interpolation that 

\Tt[x)\\, < Ct-t(i/p-i/5)||^||p < Ct-^2iVP-y'^)\\x\\l-('\\x\,^ 



Thus {R^'^) holds with constant C^/^ ^ . In particular, {B^) holds. By duality we find {Rn°°)- 
Applying the argument again we get Now, we show that {Rn°°) implies {Rn^). Indeed, 

by complementation and interpolation we have 

\\Tt : LO(iV) ^ L^W < 2\\Tt : L^(iV) ^ L^W'-'/^lTt : L?(iV) ^ L^{N)\\'/p . 

This yields (-Rn°°)- The same interpolation argument implies (R^). ■ 

In the following we will simply refer to the condition 
(Rn) \\Tt : L?(7V) ^ Loo (A^) II < Ct"? 

Our next result requires a little bit more interpolation theory. We recall that two Banach 
spaces ^0,^1 C V are injectively embedded in a common topological vector space such that 
is dense in and Ai. The unit ball of the space [Aq, is the convex hull of element 

X in the intersection satisfying 

iFlUo iFlUi ^ J- • 

This implies that a linear operator T : [Ao,^!]^ ! X with values in a Banach space is 
continuous if 

(^,1) ||r(x)|| < C|k||J-^||j;||? , x£X . 

The corresponding "dual" observation holds for the interpolation space [Aq; ^i]6»,oo- We recall 
that the norm of x in [^O; ^i]e,oo is less than C if for every i > we can decompose x = xq + xi 
such that 

(61,00) llxollo + i|ki||i < Ct^ ■ 

We will apply this for the scale of noncommutative Lorentz spaces 

(5.5) Lr,s{N) = [Lp,sAN),Lg,sAN)]e,s , - = + - 

r p q 

which holds for all 1 < si, S2 < oo and < 6 < 1. We refer to [BL96j for general information 
on interpolation theory and to |PX03 ] for the translation to the noncommutative setting. Since 
the space Lp{N) is completely complemented and Lp^p{N) = Lp{N), we may define L^^g{N) = 
[Lp{N), L^{N)]g^s and then (|5.5p remains true for the spaces L^ g{N). The next argument is 
adapted from |Var85j . The conclusion is slightly weaker than in the commutative situation. The 
key ingredient is the resolvent formula 

POO 

(5.6) A-' = T{zy^ / Tt t^~^dt for Re{z) > 0. 

Jo 

Lemma 5.3. Let (Tt) be a semigroup of normal selfadjoint contractions such that (Rn) holds. 
Let z £ C and a = Re{z). 

i) Let l<p<s<q<co and z G C with « = §(^ — |)- Then 

\\A~^ : Ll,{N) ^ L,iN)\\ < C{a,n) . 

ii) Let 1 < p < r < oo such that a = §(| ~ ^)- Then 

\\A~' : L'^piN) ^ Lr,oo{N)\\ < C{a,n) . 
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Proof. Ad i): We define a = Re{z), i = i - i and 9 = Let x be an element in L°(iV) and 
b > 0. In combination with (Rn), we deduce from (j5.6p that 

\T{z)\\\A-'ix)\\g = II / Tt{xy^dt\\g < / \\Tt{x%e-^dt+ / Ct-^/^'\\x\\pe-^dt 

Jo Jo Jb 

< ||x||, + - a)-i6"-i^ ||x||p . 



'2r 

\\x" 



We choose b^r = -Kk. (For ||2;||g = there is nothing to show.) This yields 



n 



IM-'Wii, < |r(.)r'A"^;^^^-^||x||, " iixii," . 

The assertion follows from equation (^,1) and L^^^{N) = [Lg{N), Lp{N)]g^i. Note also that 
l/s = (1 - 9)/q + e/p = l/q + e/r = 1/q + 2a/n. For the proof of ii) we define 6* = 1 - 
Assume that x G Lp{N) and decompose T(z)A~^x = xq + xi where 

fb 



xo 



/ Tt[x)e~^dt , xi = Ttixy^dt . 
Jb Jo 



As above we deduce from Rn and the assumption 2pa < n that 

II II <r J^^Pu^-f- II II 

\\Xo\\oo < 7, \\x\\p ■ 

n — 2pa 

On the other hand, we have ||xi||p < — ||x||p. For fixed t > we choose b such that ^""'/^p = t. 
Then 

IfoIIoo + ^IfiIIp < ^ IfIIp ^ = IfIIp ^ " • 

Thus we have verified condition oo) and the assertion follows from the real interpolation 
method L^,oo(A^) = [Loo{N), Lp{N)]e^^. U 

As an immediate application of the Marcinkiewicz interpolation theorem (in the form of (j5.5p ). 
we can remove the Lorentz spaces from the conclusion. 

Corollary 5.4. Let (Tt) be a semigroup of normal selfadjoint contractions such that {Rn) holds. 
In the type III case we assume in addition that Tt commutes with the modular group of a normal 
faithful state. Let z G C and a = Re{z). Then 

\\A-^ : LliN) ^ Ll{N)\\ < C{a) 
holds for all 1 < p < q < (X) such that a = §(| ~ |)- 

Proof of Theorem \5.1[ For the proof of the implication iii) ^ i) we choose z = ^ andp = 2. Note 
that {x,Ax) = \\A^/'^x\\2. Since (Rn) is satisfied, we obtain 1 = n(l/2 — 1/g), i.e. q = 2n/(n — 2). 
The implication i) =^> ii) follows from 

n 2 
II II ^ II II II II n+2 

\\x\\2 < ||x||_^||x||i+ . 

The implication ii) =^ iii) follows verbatim as in |VSCC92l Theorem III. 3. 2]. One first shows 

dt I 



(Rn^) by differentiation for a selfadjoint mean element x using ^UTtxHl = —2Re{ATtx,Ttx). 
Remark 15.21 implies the assertion. 

For our applications we need compactness results of the operator A~°' on Lp{N). Our aim is 
to derive them from compactness on L2{N). Let us consider the following conditions 

gapc) The spectrum of (1 — Fr)A on L2{N) is contained in [c, oo), 
com) A~^ is compact on L^{N). 
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Proposition 5.5. Let A be a generator which satisfies gapc- Then 

i) Let Re{z) > 0. Then A^^ is (completely) hounded on L^{N) for 1 <p < oo, 

ii) \\Tt : LO(iV) ^ L%N)U < 2e~^ for all2<p<oo. 

Proof. First we note that gapc) means j4 > c on the Hilbert space L2{N) and hence 

||e-*^ :L°(iV) ^LO(iV)|| < e"*^ . 

Let 2 < p < oo. Since Lp{N) forms an interpolation scale, we deduce 

\\Tt : L'^p{N) ^ Ll{N)\\ < 2||rt : L^(iV) ^ L^(Ar)||l||rt : ^ A^H^-^/p < 26-^*^/^. 

This shows ii) and the same argument for T^ ® id provides the cb-estimate. For the proof of i) 
we assume 2 < p < oo. Then ()5.6p implies with a = Re{z) that 

/>oo 

\\A-' : L%N) ^ Ll{N)\U < 2\r(z)\-' / e-^^^/^s^-^ds < oo . 

Jo 

Since A is selfadjoint the same estimate holds on L^,{N). ■ 

The next Lemma allows to interpolate compactness (see |Pie80| ). 

Lemma 5.6. Let {Ao,Ai) be an interpolation couple as above, T : X ^ AqD Ai a linear map 
such that T : A ^ Aq is bounded and T : X ^ Ai is compact. Then T : X ^ Ag is compact. 

Proof. Let us recall that T : X \s compact if and only if the entropy numbers 

2fc-i 

efc(r) = inf{e : T{Bx) C \J Vj + eBy] 

3=0 

satisfy limfcefc(T) = 0. Here Bx, By, is the unit ball of X, Y, respectively. The infimum is 
taken over arbitrary points in y. We recall from |Pie80j that 

ek+j-i{T -.X^Ae) < 2ek{T : X ^ ^o)'~'e,(T : X ^ Aif . 

In particular, CkiT : X ^ Ag) < 2\\T : X Ao\\^~^ek{T : X Ai^ stiU converges to 0. ■ 

Theorem 5.7. Let (Tt) be a semigroup of selfadjoint, positive contractions on a finite von 
Neumann algebra satisfying 

\\Tt : L'iiN) ^ L^{N)\\ < Ct-"/^ 
and such that A^^ is compact on L^{N). Then A^^ : L^{N) L^{N) is compact for all 
1 < p < q < oo such that ^^Mii > i _ 1 

Proof. By assumption A^^ is bounded on L2{N) and hence we have a spectral gap. Now, 
we consider 2 < p < oo and want to show that A~°' : Lp{N) — > Lp{N) is compact for all 
a > 0. According to Proposition 15.51 it suffices to consider a < n/2p. Define 1/q = 1/p — 2a/n. 
According to Corollarv 15.41 we know that : Lp{N) — > L^{N) is bounded. Since A^'^ is 

compact on L^{N) we also know that A^"^ : Lp{N) — > L2{N) is compact. We may write 
L°(A^) = [L°(A^),L^(iV)]e where 1/p = {l-e)/q + e/2 and < 6* < L Hence Lemma [LH implies 
that : L^p{N) L^{N) is compact. By duality we conclude that A"" : L^iN) L°(iV) is 
compact for all a > and 1 < p < oo. 

Now, we consider z = a + is and assume that 1 < p < q. By our assumption 2a/n > 1/p — 1/q. 
This allows us to find 1 < s < p, and ai > such that 2(a — ai)/n = 1/s — 1/q. According 
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to Lemma 15.31 ) we know that A^i"^ : L°i(iV) ^ L^q{N) is bounded. On the other hand 
^-"1 : L°(iV) ^ Lp(iV) is compact and the inclusion L°(iV) C i° i(iV) continuous. Then 

is the composition of a bounded operator and a compact operator, hence itself compact. 

In the case 1 < p < q < oo we use the same argument and find g < r < oo, a decomposition 
= such that : L°(iV) ^ L^^iN) is continuous, A""! : LO(iV) ^ ^^(iV) 

is compact, and the inclusion L^^^{N) C L^{N) is continuous. Thus is compact. Finally 
for p = 1 and g = cxd we write = ^^^/2^-^/2 g^^d make a pit stop at L2(A'^). ■ 

6. Applications 

6.1. Quantum metric spaces. We recall from |Rie98j that a quantum metric space is given 
by a C*-algebra C, a *-subalgebra A and a norm ||| ||| on A such that 

III ((/), ■0) = sup{|0(a) — ^"(0)1 : a £ "4., Ill a III < 1} 

induces the weak* topology on the state space S{C). A norm ||| ||| is a Lipschitz norm if in 
addition 

(6.1) |||a6||| < |||a||| ||6|| + ||a|| |||6||| . 

In |OR05j a Lipschitz norm generating the weak* topology is called a Lip-norm, i.e. quantum 
metric space require a Lip-norm instead of Lipschitz norm. 

Lemma 6.1. Let Tt be a unital completely positive semigroup on a von Neumann algebra N . 
Let —A be the generator and A be a (non- complete) * -algebra contained in the domain of A. 
Then 

Mr = max{||r(a,a)||i/M|r(a*,a*)||i/2} 
and III a III = ||r(a, a)||^/^ satisfy (16.11) . 

Proof. We recall from [Pet] that ILn = a.j ® yi : J2i ^iUi — 0} equipped wit the A^-valued 
inner product 

(ai (g) a;i,a2 2:2) = 2;*r(ai, 02)^2 
defines a A^- valued Hilbert module. Then 6 {a) = 018)1 — l^aisa derivation, i.e. 

5{ab) = a6(g)l-l(8)a6 = (a®l)(6®l-l(g)6)-F(a®l-l®o)(l»6) = {a(S$l)5{b) + 6{a){l(g)b) . 

Since Tt{l) = 1 we have A{1) = and 

r(l,o) = lA{a) + a* A{1) - A{la) = 0. 

Hence {6(a), 6(a)) = T(a,a). This implies 

\\r(ab,ab)\\'/' = \\6(ab)\\ < \\(1 a)6(b)\\ + \\6(a)(l b)\\ < ||a||||5(6)|| + ||<^(a)||||6|| . 

Recall that ||(^(a)|| = ||r(a, 0)11"*^/^. This also shows 

||r((a&)*,(a6)*)f/2 ^ ||r(6*a*,&*a*)||i/2 < ||5* || ||r(a*, a*)||i/2 ^ ||r(6*, 6*)||^/2 y^H ^ 

Taking the maximum yields ()6.ip . ■ 

We also need the following observation from |QR05l Proposition 1.3] 

Lemma 6.2. Let \\\ \\\ be a Lipschitz norm and a be a state. Then (C,^, ||| |||) is a quantum 
metric space iff 

{x e A : \\\a\\\ < l,a(a) = 0} 

is relatively compact in C. 
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Theorem 6.3. Let (Tt) be a completely positive semigroup of selfadjoint maps on a finite von 
Neumann algebra N such that A G N is weakly dense and with a Markov dilation. Assume in 
addition 

i) ker(^) = CI and A'^ is compact on L^(iV) = (/ - Pr)L2(iV), 

ii) \\Tt : L^(iV) ^ N\\ < Ct"^/'^ for some n > 0. 

Then 

\\x\\t = max{||r(a;,x)i/2||J|r(x*,x*)i/2||} 
and |||x||| = ||r(x, define a quantum metric spaces for the norm closure C of A C A^. 

Proof. Let us recall that Pr is the projection onto the kernel of the selfadjoint operator A. Thus 
i) implies in particular that ker(^) = CI and that A has a spectral gap 

c=\\A-^:Ll{N)^Ll{N)\\. 

Moreover, limt^ooTi(x) = r(x)l and hence Lp{N) is the closure of elements x G such that 
t(x) = 0. Let 1 < s < p < oo such that 2 < p and ^ > |- According to Corollary 15.71 we know 
that 

{xeLO:P°x||p<l}cL^(iV) 
is relatively compact in A^. Let 6 > 0. Then we deduce from |Jun08j and Theorem 13.151 that 

\\A-2-'x\\p<c{6)\\Ahx\\H.(^T) < c{6)c{p)\\T{x,x)'/^\\p 

<c(5)c(p)||r(x,x)V2||^ = c(<5)c(p)||r(x,x)||V2. 

Hence we need ^ ~ ^ > y' '^^ich is satisfied for p > n. Lemma implies the assertion. ■ 



Remark 6.4. Let M be a compact Riemannian manifold. Then 

d{p,q) = sup{|/(x)-/(y)| : || |V/| ||oo < 1} • 

Moreover, r(/, /) = |V/p. The condition ii) corresponds to a Sobolov embedding theorem and 
Theorem \6.3\ provides an appropriate gradient norm in this context. 

6.2. Rapid decay and quantum metric spaces. Let us recall that a finitely generated 
discrete group has rapid decay (RD) of order s if there exists an s < cxd such that 

Iklloo < C'('S)A;''||x||2 

holds for all linear combinations x = '}2\g\=k^g^i9)- Here | | is the word length function with 
respect to fixed number of generators. The notion is, however, independent of that choice. We 
refer to [Jpl90] for more information. The following observation is closely related to the work of 
Rieffel and Ozawa [OR05J. 

Lemma 6.5. Let G be a discrete, finitely generated group with word length function \ \ and rapid 
decay of order s. Let ip : G be a conditionally negative function such that 

(6.2) inf ip(g) > c^k'' 

for some a > 0. Then the operator Tt{\{g)) = e~^'^^^^ X{g) satisfies 

\\Tt : L^{N) N\\ < C{s,a) t'^ . 
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Proof. We consider a decomposition x = '^Zk^k such that Xk = ^\g\=kO'g^{g) is supported by 
words of length k. Note that Tt{xk) is stiU supported on words of length k and for such g we 
have e~*'^(^) < e~*^"''°' . Hence we get 

\\Ttx\\<Y,\\Ttx\\oc < C{s)^k'\\Ttx\\2 

k k 

k k k 

Now it remains to estimate the sum via some calculus (i.e. y = 2tCaX°', dy/y = adx/x) 



2s + l-t2CaX°' "-^ 



x 



j\ y 



Thus for < t < 2 we obtain 



_ 2a + l 

|7t2;||oo < C{s, a) t 2^ ||x||2 . 



We recah that on L^(iV) = Cl"^ we have a spectral gap V'(^i') ^ c(a)|i(;|" > c(a) for all w 7^ 1. 
Hence \\Tt : L'^{N) ^ L^(iV)|| < e'^^^". Hence for t > 2 we have 

\\Ttx\\^ = ||ri(rt_ix)|U < C{s,a)\\Tt_ix\\2 < Cis,a)e<"'h-''- \\x\\2 . 
The assertion follows. ■ 



Remark 6.6. In case of the free group and ip{g) = \g\ we have a = 1 and s = 1. This yields the 
order t~^^'^ and hence property (Re)- According to Varopoulos' definition |Var85j this means 
dimension d = n/2 = 3, as predicted by P. Biane [Bia] . 

Remark 6.7. According to the work of Rieffel and Ozawa [QR05j hyperbolic groups satisfies 
rapid decay with s = 1 and d = 3. 

Proof of Corollary \0. 21 According to Lemma [63] the assumption ii) of Theorem 16.31 are satisfied 
for A = C[G]. Since G is finitely generated we know that that the span of work of length k 
are finite dimensional. By assumption the inverse of the operator A{X{g)) = ^{g)\{g) satisfies 
\\A~^ : Fj^ ^ F]^\\ < c~^k~°' and hence A~^ is compact on L2{N). This provides assumption i) 
and Theorem 16.31 implies the assertion. ■ 



Example 6.8. 1) The most natural examples are cocompact lattices T G G, where 

G£{SOoinA),SUin,l)} ■ 

Let us indicate that the assumptions are verified for a = 1. Indeed, we first recall that G acts 
on a hyperbolic space X and isometrically on the virtual boundary dX. Moreover, there exists 
a quadratic form Q on the boundary such that 

(t){d{x,y)) = Q{i2x - f^y) 

holds for all x,y € dx. Here d is the hyperbolic distance and (p{r) behaves like 21ogcosh(r) 
for large r. This means cir < (j)(r) < C2r. By the Milnor-Swarc Lemma (see e.g. |Roe03) ). we 
also know that for cocompact discrete lattice the word length is quasi isometric to hyperbolic 
distance 

Ci^Ka) < d{gxo,xo) < C2l{g) 
given by a fixed base point. This yields s = 1. Hence we find dimension 3 in all of these cases. 



48 



M. JUNGE AND T. MEI 



2) The assumptions are satisfied for the free group in finitely many generators by the work of 
Haagerup |Haa79j (see also [CCJOlj ). 

3) Let Gi and G2 be two groups with rapid decay and conditionally negative functions V'i> 
•02 satisfying (16. 2p with a = min(ai,a2) < 1. Then ip{g,h) = ipi{g) + tp2{h) also satisfies (j6.2p . 
According to Jolissaint's work |Jol90l Lemma 2.1.2], the product also has rapid decay. Thus 
Tt{X{{g, h)) = e~^'^^^'^^ X{g, h) defines a completely positive semigroup for which the assumptions 
of Theorem 16.31 are also satisfied. 

4) Let {Gi,li,ipi) be groups with rapid decay and conditionally length functions ^p satisfying 
(|6.2p with parameter ka- According to [Jol901 Theorem 2.2.2] we know that {*iGi,*li) has 
property RD where 

*li{wi ■ --Wn) = ^ \Wi\l^ 
i 

here Wj G Gi^. Bozejko proved that ipt{wi ■ ■ ■ Wn) = e~*^J '^'j^'"-'^ are still positive definite and 
hence the free sum ip^wi ■ ■ ■Wn) = Ylj V'jj(w'j) is a conditionally negative definite function on 
*iGi such that 

j j j 

holds for a < min{l,aj}. Hence the free product is again a quantum metric space. 

6.3. Torsion free ordered groups. In this section we show that multipliers on Z can be used 
to obtain result for torsion free ordered groups. Our main application is the well-known Hilbert 
transform in this context of sub-diagonal von Neumann algebras. Let us consider a discrete 
group G with normal divisors 

G = Go > Gi > • • • 

such that O^Gi = {1} and 

(6.3) Gi/G,+i = Z . 

It is very easy to see that if we were to have Gi/Gi-^i = Z"' that the sequence can be further 
refined to satisfy (j6.3p . Our aim is to use Riesz transforms to show the boundedness of the 
Hilbert transform for ordered groups. Let us recall that in the situation above the cone of 
positive group elements P is given by 

P = {gGG:geG^\ G^+i and gG^+i > 0} . 

Clearly, the integer i is uniquely determined by g. Here " > 0" is the usual relation in Z. We 
have P U P^^ = G \ {!}. In the following we denote by {VN{Gi))i > the reversed martingale 
filtration given by the conditional expectation Ei(X{g)) = lg^GiX{g)- 

Definition 6.9. Let |J^ Nk C N be a weakly dense martingale filtration. A tangent dilation is 
given by a von Neumann algebra M and trace (state and modular group) preserving homomor- 
phisms TTfc : — > M, p : N ^ M such that 

i) The conditional expectation Ep : M ^ p{^) satisfies 
for all k. 

ii) The von Neumann algebras Mj. = T^ki^k) '^'^e successively independent over p{N). 

Lemma 6.10. Let {Nj.) be a martingale filtration and {p, {"Kkjk) 0, tangent dilation. Let 1 < p < 
00. Then the map d : Lp{N) Lp{M) given by 

dx = y^7rfc(dfc(x)) 
k 
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gives a linear isomorphic embedding. In the limit cases d is hounded between the corresponding 
martingale BMO and H\ spaces. 

Proof. Let us first consider p > 2. We apply the Rosenthal inequality and deduce that 
\\dx% < CP I ( ^ hk^xMl] ' + \\{Y,EpM\du{x)\^ + |4(x)*P))V2||^ 



Therefore the Bur kholder /Rosenthal inequality implies 

< cp c(p)||a;||p . 

A similar argument applies for the BMO norms. Indeed, we denote by Ek the conditional 
expectation onto the von Neumann algebra generated by p{Nk) and 7ri(iVi), 7rjfc(iVfe). 
Then we deduce from being successively independent that 

\\dx\\BMOc = sup||^„( J2 T^k{dk{xf))\\ ~2 ||7rfe(4(a;)^)|| + EnEk-iMdk{xf))\\ 

" k > n k>n 

= \\nk{dk{xf)\\ + W^EnEpiTTkidkixfm 

k>n 

= hk{dk{xf )\\ + \\^pC^Ek-i{dk{xf ))\\ ~2 ||a;||sMOc • 

k>n k 

Therefore d yields an isomorphic embedding d : BMOc/r{Nk) BMOc/r{Mk)- For 1 < p < 2, 
we see that similarly d is bounded on hp, hp and /i^. However, for 1 < p < 2, we know 
that Hp = hp + hp holds with equivalent norms and hence d is also continuous on Hp. Using 
tr{dx*dy) = tr{x*y) it then follows that d is an isomorphism on Hp and Hp for all 1 < p < oo 
and on BMOc, BMOr- The assertion follows. ■ 

Lemma 6.11. For a group G = Gq > Gi ■ ■ ■ there is a canonical tangent dilation. 

Proof. Let G = G X Z. Then we define 

TTk : Gk ^ G X Z , Tr{g) = {g,gGk+i) . 

Let E : VN{G) VN{G) be the conditional expectation onto VN{G) and p the canonical 
embedding . Then clearly, 

\g g e Gk+i 



EMg)) 



else 



This means E[TTk{g)) = p{EG^^^{g)). Note here that for a reversed filtration the definition of 
tangent filtration has to be suitably modified. Finally, let Gfc C G be the subgroup generated 
by p{Gk) and Z. Let g G Gfc-i. Then we have 

E^^{TTk-i{g)) = Ig^cMig.gGk) = E{nk-i{g)), 
because only for g € Gk we have a non-trivial term. ■ 

In the following we consider the Hilbert transform 

Hig) = i{lpig) - lp{g-'))g 
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induced by the order. Note that 

H{gf = H{g-') . 

Lemma 6.12. Let be the Poisson semigroup on VN{1j) and Pt = id ^ Pf' the Poisson 
semigroup with generator A and gradient form T. Then 

T(dHx,dHx) = T{dx,dx) 

and 

Pt\dHx\'^ - iPtdHxl"^ = Pildxp - |Ptdxp 

holds for all x G C[G]. 

Proof. For the first assertion we consider g,h ^ G and i,j such that gi £ (72 £ 

If giGi^i > and g2Gj+i > or giGi+i < and 52^^+1 > we have 

T{dHgi,dHg2) = T{dgi,dg2) . 

The interesting case is given by A; = giGj+i > and j = g2GiJ^i < 0. Then we note that 

r(A(fc),A(j)) = '^'^'^'~'^~^' A(fcrA(j) = 0. 
The second assertion follows similarly in this case 

Pf{\{kYX{j))-Pf{\{k)rPf{\{j)) = {e-'\^-^\-e-'\'^\e-'\^\)\{kr\{j) = 0. 
Thus the sign change only occurs when we have a 0-coefficient. ■ 



Theorem 6.13. H is bounded on Lp{VN{G)) for all I < p < 00. 
Proof. Let x be selfadjoint. Theorem I2.9t ii) and //"^-calculus implies 

~ IK j T{Psdx,Psdx)ds)^/^\\ = IK j T{PsdHx,PsdHx)dsf/^\\ ~ \\Hx\ 



p ■ 



Here we use that for selfadjoint x the element Hx is also selfadjoint. For an alternative 
proof, we can use interpolation and note that dH : VN(G) BMO{G) is bounded and 
dH : L2{VN{G)) L2{VN{G)) and hence 

dH : Lp{VN{G)) Lp{VN{G)) 

is bounded. Finally, the assertion follows from Lemma 16.101 

||dFx||p ~c{p) ||-f^2;||p 

This yields the assertion for 2 < p < 00. Duality implies the result for 1 < p < 2 as well. ■ 



Remark 6.14. With the help of the tangent dilation, we can show that every completely 
bounded Fourier multiplier on Z induces a Fourier multiplier on VN{G), by applying it to 
d{x). We can even use different multipliers on by modifying d{g) = {g, gGk+i, ■■■) for 
g e Gk \ Gk+i- 
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